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CONTACT STRESSES ON A THIN PLATE AFTER LARGE 
DISPLACEMENTS TO A HALF PARABOLIC SURFACE* 

Rodney K. Wilson 
Robert C. Reuter, Jr. 

Sandia National Laboratories 
Albuquerque, NM 87185 

Abstract 

In a previous report a solution was obtained for the 
determination of all loads necessary to hold an initially flat. 
thin, elastic plate in the shape of a prescribed parabolic 
surface, following large displacement. These loads include 
spatially varying normal tractions distributed over the back 
surface of the plate, and a uniform shear force and bending 
moment applied along the opposing edges which become the rims 
of the parabola after deformation. In actual practice the edge 
loads are not present and, as a result, local displacement and 
stress variations arise creating what is known as an edge 
effect. Furthermore, if the full parabola is separated into 
two equal halves at the vertex another edge effect occurs. The 
analysis used to compute the local displacement and stress 
variations arising near the rim is repeated here to treat the 
absence of edge loads at the vertex . In addition to the normal 
stresses which arise, shear stresses result from the absence of 
the membrane reaction at the vertex, which was present in the 
case of the full parabolic surface. Correlation between the 
present theory and data from laser ray trace experiments is 
also presented. 

*TffTs work performed at Sandia National Laboratories supported 
by the U.S. Department of Energy under contract number 
OE-AC04-76DP00789. 
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NOMENCLATURE 

flexural rigidity of reflective surface 

Young's modulus of reflective panel 

focal length of parabola 

thickness of adhesive 

shear modulus of adhesive 

thickness of reflective panel 

stiffness of adhesive plus substructure 

bending moment applied at rim to maintain true 
parabolic shape 

bending moment applied at vertex to maintain true 
parabolic shape 

membrane load at vertex to maintain true parabolic 
shape 

contact pressure applied over back surface of 
reflective panel to maintain true parabolic shape 

shear force applied at rim to maintain true parabolic 
shape 

displacement of reflective surface at x due to edge 
effect at rim 

displacement of reflective surface at x due to edge 
effect at vertex 

rectangular coordinates 

panel-adhesive-substructure stiffness parameter 

panel - adhesive shear parameter 

second cross-over distance 

Poisson's ratio 

normal contact stress at x due to edge effect at rim 

normal contact stress at x due to edge effect at vertex 

shear contact stress at x due to edge effect at vertex 



1 NTRODUCTI ON 

A current 1;ne focus;ng solar collector design ;nvolves 
bonding two init;ally flat. thin. reflective surface panels to 
a parabolic substructure as shown in Fig. l. In a previous 
report [l], a study was made to predict the magnitude, 
direction and distribution of contact stresses required to hold 
the reflective surface (made of a single thin glass panel), 
after experienc;ng large displacements. to a r;g;d parabolic 
substructure. Particular attention was focussed on the edge 
effect occuring near each r;m; that is, the appearance of 
localized contact stresses of higher magnitude than those . 
acting on the rest of the panel, and a correspond;~g deviation 
from the true parabolic shape. The edge effect resulted from 
the absence of mechanical loads at the rim which were otherwise 
required to mainta;n the nonzero curvature defined by the true 
parabol;c shape. By forming the reflective surface with two 
panels, additional free edges are created at the vertex. 
Consequently, a second edge effect region appears, though its 

presence does not affect the results obtained for the rim. In 

this report, a study of the vertex edge effect is presented. 
The results again show a localized contact stress variation and 

a loss of the true parabolic shape at the vertex similar to 
that occurring at the rim, but of greater magnitude. In 
addition, the analysis predicts a localized shear distribution 
on the back surface of the reflective panel. 

ANALYSIS 

In Fig. 2, one of the reflective panels is shown with the 
loads necessary to maintain the parabolic shape defined by 

( l ) 

,7 



FIGURE 1. Assembled , parabolic, l i ne focusina !Ol a r collecto r . 
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FIGURE 2. Diagram of half of the deformed, reflective 
surface explicating coordinates, rim and vertex 
loads and pressure distribution required to achieve 
the true parabolic shape. 
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l 0 

where f is the focal length of the parabola. The loads shown 
in the figure have been calculated in [l] and are summarized 

below: 

MV 
D 

= -rr- , 

QR 
30 

= 
~ 

MR 
Ji D 

= 8f 

SD 

16f 3 [1+(x/2f) 2 J312 

D is the flexural rigidity of the reflective panel and is 

defined by 

where EP is Young"s modulus, ~ is Poisson's ratio and hp is 

the panel thi.ckness. In [1] the residual loads at the rim, 

MR and QR, were removed to satisfy the actual free edge 
conditions, and were replaced by equivalent normal trac t ions 
(contact stresses) applied to the back surface of the 
reflective panel and localized near the rim. This equivalent 

stress distribution, crR{x), defined by 

3 
cr (x} = - - 8 ~-z e- a( 2f-x) [(3+4/2(af)} cosa(2f-x) 

( 2 ) 

R l6(af) 

- 4/2 ( 13 f ) S i n S ( 2 f - X ) ] , ( 3 ) 



was shown to occur within a distance, o2, (referred to as the 
second cross-over distance) from the rim. It was possible to 
relate this distance to the material properties of the 
substructure through the relationship 

( 4) 

where 

( 5) 

Expression (4) is an approximation of 

QR 
a - stan s(2f-x) + - = O, 

MR 
( 6) 

which defines the zeros of displacement or normal stress near 
the rim. To obtain (4), the quantity QR/MR was neglected 
in comparison to a, based on the focal lengths of interest. In 
addition to introducing the stress distribution, removal of the 
rim loads resulted in a loss of the true parabolic shape. This 
loss was characterized by the rotation of the surface normals 
(slope error) defined by 

[(3+8/2( af)) cos a ( 2f-x) 

-3sinB(2f-x)]. { 7) 

The expressions characterizing the stress distribution, aR, 

and the slope error, wR, are shown graphically in Figs. 3 and 
4 for various values of o2, 

For .the analysis of the two panel, or half parabola design 
the free edge at the vertex requires the removal of the vertex 

l l 
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loads, Nv and Mv, to satisfy the actual boundary 
conditions. As in [l], they are replaced by equivalent stress 
distributions: the bending moment, Mv, is replaced by a 

normal stress distribution, av(x), and the axial force, Nv, 

is replaced by a shear stress distribution, Tv(x). As with 

aR(x}, ~v(x} is obtained by considering a flat, 
semi-infinite plate on an elastic foundation with a bending 

moment equal in magnitude and opposite in direction to Mv 
applied to the end (Fig. 5). The arguments for modeling the 

edge region as a flat, semi-infinite plate are given in [l] and 

apply here as well. The resulting equation, the corresponding 
boundary conditions and the general solution corresponding to 
this problem are given by [2] 

( 8) 

= 0 ' ( 9) 

= 0 , ( l O) 

e-sx [sinsx-cossx]. ( l 1 } 

Computing the corresponding tension in the foundation gives the 
normal stress distribution in the adhesive, namely 

( 12) 



VERTEX RIM 

FIGURE 5. Diagram of the flat-plate model of the edge 
effect region at vertex explicating the 
coord i nate system and semi-infinite extension. 
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Differentiating w with respect to x gives an expression for the 

slope error in the form 

( l 3 ) 

General observations and optical measurements [4] of completed 
collectors suggest that the size of the edge effect zone at the 

vertex is approximately the same as it is at the rim. The 

present analysis verifies this through the definition of o2 
which comes from the equation that defines the zeros of ( 11) or 

(12). The result is equation (6), but, with QR set equal to 
zero. This means that equation (4), which defines the size of 

the edge effect zone at the rim, also defines it at the 
vertex. The difference is that at the vertex, (4) is an exact 

definition of o2 whereas at the rim it is approximate. 
Calculations show, however, that for typical values of~. 
between 1. 96 and 7.85 mm- 1, and a wide range of focal 
lengths, between 150.0 and 900 . 0 mm, the error resulting from 

the use of (4) at the rim is less than 3.0 percent {for the 
value off; 480.8 mm used in the actual collector the error is 

less than 1 . 0 percent) . On this basis, t he present analysis 

predicts that the size of the edge effect zone, given by (4), 
is approximately the same at both the rim and the vertex, 

provided the values of the subs t ructure stiffness (and hence 

the value of B) is also the same. Typical values of o2 are 

shown in Table 1 along with the corresponding stiffness, kg, of 

the elastic foundation representing the adhesive plus the 

substructure. As in [1], a gl ass plate of thickness hp= 

1.27mm, Young's Modulus EP = 70 GPa and Poisson's ratio v = 

0.24 (yielding 0=12.5 N-m) was used in the calculations of k. 

In Figs. 6 and 7, the stresses and slope errors in the vertex 
edge zone are plotted for the data in Table 1. 
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TABLE l 

Edge Effect Parameters 

6 2 (m) 0.0127 0.0254 0.0508 0.0762 o. 1016 

- - - - - ··- i----·--·---·-1-------- ·---- L-- -- - - - - - - - - - -- .. - - -- - - -· -- - -- - - -
B ( m- l ) 308.4 154.61 77. 3 51. 5 38.6 
- - -- - - - - - -·-- --- ------- -·--- '--------·--- ~ - .... ---·- - - -·- - - ------ ----
k(N-m ) 1.900xl0 1. 188xlo5 7.426xl0 2 l .467xl02 4.639xl01 

To determine the shear stress distribution, -rv(x), 

consider a flat, semi-infinite plate resting on an elastic 
layer with a force, equal in magnitude and opposite in 

direction to Nv, applied to the plate at the vertex (Fig. 6). 

The equation for determining the shear stress in the adhesive 
is given by [3] as 

( 14) 

where 

2 
y = 

In (15), Ga is the shear modulus of the adhesive and h is a-

( 15) 

its thickness. The boundary conditions associated with (14 ) are 

-rv(x) = 0 • ( 16) 

X=2f 

12f -r (x)dx = NV ' O V 
( 17) 
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@ REFLECTIVE PANEL 

VERTEX 

FIGURE 8. Diagram of the flat plate model used to analyze 
shear deformation arising from edge effect at 
vertex. 



where (17) is the equation for equilibrium in the x direction. 

The solution to (14), subject to (16) and (17), is given by 

2yNV 
~v(x) = -------- [sinh(4yf)cosh(2yx) - cosh(4yf)sinh(2yx)]. (18) cosh4yf-l 

By noting that for focal lengths of interest cosh4yf>>1 and 
tanh4yf~l, (18) can be simplified to read 

( 1 9 ) 

In Table 2 are some typical values of the plate and adhesive 

properties, with the corresponding shear stress distributions 

shown in Fig. 9. 

TABLE 2 

Typical Values of Panel and Adhesive Properties 

I 

CASE I CASE I I CASE I II 

~ - - - - - - - -- - - - .. - - - --· ... .. - - - .. - - - - - - ·- - - - -· - - - - - - - - - ... - - .. - -·- - - - - - - -
Ep(Pa) 6.895xlo 10 6.895x10 10 6.895xl0 10 

- . ... - - ... - "" - - - .. - ... - - - - ---- ... - ... ... - - - .... - ~- - - . -··- - - - - ·- - - - - -· ·- - - - - - - - - - - - - - -

\) .240 .240 .240 

hp(mm) 0.76 l. 27 l. 2 7 

. - - -- - - - - - - - - ·- - - - - - - - -- - .. -- .... - - - -- - -- .. - - .. - - -- ... - - - - - - - .. - - - - -

ha(mm) 0.5 0.5 0.38 

1--- --- ---
! Ga(Pa) 2.068x10 8 2. 068x 108 

............. _____ _ __ 
2. 068x 10 9 

,.._· -------L-------------------+-------

2 1 
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DISCUSSION OF RESULTS 

The curves showing the normal stress distribution and slope 
errors in the edge effect region near the vertex, Figs. 6 and 
7, can be compared with the corresponding curves for the edge 
effect at the rim, Figs. 3 and 4, to show that the effect is 
more pronounced at the vertex. Stress levels at the vertex are 
approximately twice those at the rim and, similarly, the 
maximum slope error is approximately two times larger at the 
vertex. However, since the distance from the vertex to the 
focal line, f, is half the distance from the rim to the focal 
line, 2f, the distance by which the reflected rays from the two 
locations miss the focal line, w'f, is approximately the same. 
The significance of the higher slope errors at the vertex is 
further mitigated by virtue of receiver tube shadowing. 
Because of the large stresses in the edge effect zone near the 
vertex, however, any delamination problems would be expected to 
occur there first. Maximum tensile stresses occur slightly 
away from the vertex edge (between o1 and o2), Fig. 6, and 
it is conceivable that a delamination initiated there would 
arrest itself, creating significantly greater slope errors in 
the process. The delamination would grow away from the vertex 
because of the compressive stresses which will always reside at 
the edge, and an arrest would take place when the delamination 

grew to a size representative of a large enough edge effect 
zone to reduce stresses sufficiently. 

Laser ray tracings showing slope errors are plotted in 
Figs. 10 and 11 to emphasize the agreement between the above 
results and experiment. Not only are the edge effects at the 
vertex and rim clearly defined but the difference in the 
magnitudes of the slope errors in the two locations are also 
evident. In Fig. 12, data from Fig. 11 has been superimposed 
on the anlytical results to show the correlation between theory 
and experiment. It is emphasized here that this correlation is 
only in regard to the edge effect. Away from the free ends of 

23 
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FIGUR E 10. Typical results from laser ray tracing s howin g 
slope errors at rim and vertex. 
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the collector, anomalies associated with the substructure 
introduce additional effects, though relatively small, which 
are shown in the experimental results (Figs. 11 and 12) but 
which are not introduced into the analytical model. 

Finally, a glance at Fig. 9 shows that the consequences of 
shear stress due to edge effects are negligible, even for the 
weakest of back surface coatings or adhesives. 
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