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THE EFFECTS OF GAPS IN ADHESIVES THAT BOND ELASTICALLY
DEFORMED PANELS TO PARABOLIC, CYLINDRICAL SUBSTRUCTURES*

R. K. Wilson
R. C. Reuter, Jr.
Sandia National Laboratories
Albuquerque, NM 87185

ABSTRACT

In previous studies of the mechanical behavior of line
focusing solar collectors, the reflective surface panel was
modeled as a thin, initially flat, elastic plate that underwent
Jarge displacements to attain the shape of a prescribed
parabolic cylinder. Attention was focused upon the stresses
that developed in an adhesive layer which bonded the deformed
panel to a rigid, parabolic substructure. Among the myriad
possible collector designs, some possess lTongitudinally
oriented, hollow ribs or corrugations in the substructure which
interrupt the transverse continuity of the bond 1ine between
the deformed panel and the substructure. Thus, finite gaps in
the adhesive are present which create regions where the panel
surface becomes intermittently supported. The presence of
these gaps perturbs the otherwise smooth distribution of
adhesive contact stresses and it is the analytical modeling of
this behavior that is the subject of the present report. In
particular, attention is devoted to gaps which overlap with the
edge effect zone - a region near the rim or vertex of the
deformed panel where, in the absence of uniform edge loads
necessary to maintain a true parabolic shape, high stresses and
associated deformations occur. Significant influences of the
gap size and position in the edge effect zone are demonstrated
and discussed.

* This work was performed at Sandia National Laboratories and
was supported by the U.S. Department of Energy under
contract number DE-ACOA4-76DP0078S.
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NOMENCLATURE

A., Bi’ integration constants appearing in expressions
Di for wi and o

D flexural rigidity of reflective panel

E Young's modulus of reflective panel

f focal length of parabola

h thickness of adhesive

k stiffness of reflective surface for section i
bending moment applied to rim to maintain true
parabolic shape

M bending moment applied to vertex to maintain true
parabolic shape

contact pressure applied over back surface of

C reflective panel to maintain true parabolic shape
QR shear force applied at rim to maintain true parabolic
shape
wi(x) displacement at x of reflective surface due to edge
effects and gap
wR{x) displacement at x of reflective surface due to edge
effect at rim
wy {x) displacement at x of reflective surface due to edge
effect at vertex
]
Wems rms value of slope error
X, ¥ rectangular coordinates

‘zlt z, coordinates of the ends of the gap

B panel-adhesive-substructure stiffness parameter
8o second cross-over distance
4 coordinate measured from rim
oi(x) normal contact stress at x due to edge effects and gap
uR(x) normal contact stress at x due to edge effect at rim

cv(x) normal contact stress at x due to edge effect at vertex



INTRODUCTION

Figure 1 shows a completed, parabolic, line focusing solar
collector utilizing a stamped, sheet metal substructure and an
elastically deformed reflective surface. Two, initially flat,
reflective panels undergo large displacements each forming one
half of a parabolic, cylindrical surface. Abutting the
vertices of the two half-parabolic surfaces and bonding them to
the concave side of a rigid, prefabricated, parabolic
substructure produces a collector whose reflective surface is
defined by

2
y=zF - (1)

Two analytical studies of this general collector design
concept, with experimental verification, have already appeared
[1,2]. The reflective surface, bonded to the substructure with
a continuous adhesive layer, was treated as a single, rim to
rim panel in [1], and as a dual panel with a seam at the vertex
(as described above) in [2]. Distributed surface pressures and
uniform edge loads (called forming loads) necessary to
mechanically form the reflective surface to the desired
parabolic shape were calculated along with the stress
distributions developed in the bonding adhesive after the
forming loads were removed, Removal of the surface pressure
distribution resulted in negligible stresses, Fig. 3, in the
adhesive (for the specific construction of interest). However,
removal of the uniform edge loads at the rim and vertex (in
[2]) resulted in much larger stresses, Fig. 4, and a
corresponding loss of the parabolic shape, characterized by a
rotation of surface normals (called slope errors), Fig. 5.
These variations were localized near the rim and vertex, and
were called edge effects.* In both of these studies the rigid,

* A summary of the forming Toads, resulting stresses and
slope errors is given 1in Appendix A,



riguee 1. Assembled, Parabolic Line Focusing Selar Collector




Figure 2.

Yiew of Stamped, Sheet Hetal Substructure Showing
Stiffening Rims.
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parabolic substructure consisted of a smooth, continuous sheet
metal facing backed by a stamped panel into which hollow,
stiffening ribs were formed. The analyses [1,2] are, of
course, valid for any construction which possesses a continuous
backing for the reflective surface.

In another design [3], the sheet metal facing is eliminated
and the deformed, reflective panels are bonded directly to the
stamped, parabolic substructure. The presence of longitudinal,
hollow ribs bonded directly to the reflective panel creates
longitudinal gaps in the adhesive layer which interrupt the
transverse continuity of support. The effect of these gaps can
be seen in Fig. 6 where slope errors increase when measured
over the gaps. The presence of the adhesive gaps affects
contact stresses and slope errors to a greater extent when they
occur in high stress regions, namely, the edge effect zones
(near rim and vertex). In this report the effects of the size
and location of adhesive gaps upon contact stresses and slope
errors are investigated. Emphasis is placed on numerical
results and discussion of cases where gaps occur in or near the
edge effect zone.

ANALYSIS

In Fig. 7 a cross section of the collector near the rim is
shown both as it actually appears, Fig. 7a, indicating the
reflective panel, adhesive layer and rib stiffened
substructure, and as it is modeled by a flat plate on an
elastic foundation,* Fig. 7b, which has been interrupted to
account for the gap in the adhesive. The elastic foundation in
Fig. 7b represents both the adhesive and the supporting

* The arguments for modeling the structure near the rim by a
flat plate are given in [1] and arise from the particular
geometry (focal lengths) of the parabelas of interest.

13
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substructure. By applying the edge Toads to the rim and
vertex, as shown in Fig. 8, the model of the collector is
complete and the resulting displacements of the reflective
surface in Fig. 8 satisfy the differential equation [4] where
the subscript i=1 corresponds to the portion of the refiective
panel bonded to the substructure (supported by springs)
adjacent to the rim, i=2 corresponds to the unsupported portion
of the reflective panel {(gap region) and i=3 corresponds to the
portion of the reflective panel bonded to the substructure that
is on the vertex side of the gap. In (2), D is the stiffness
of the reflective panel defined by

; Eh3

12(1-v7)
where E is Young's modulus, v is Poisson's ratio and h is the
thickness of the panel. The stiffness of the elastic
foundation, ki’ is zero for i=2 and taken to be the same for
i=1 and 3. By rewriting (2), the differential equations take

the form
4
48y 4
7 + 4. 'w.= 0; i =1,2,3 , (3)
i i
DL,
i
where i =
e T Ly, 3
= ? = s s
Bi 40 (4)
0 ;1 =2

Equation (3) has the well known solution [3]

e [Aicossié+Bisin31§]+e [Cicosai§+Disin6ﬁC];i=1,3,

will) = 5 (5)
A +BLHC 54D, LY 5 i=2,

where Ai’ Bi’ Ci and Di are constants of integration.
These twelve constants are determined by satisfying the

boundary conditions at the vertex and rim given by
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Figure 8. Diagram of Elastic Foundation Model Explicating the
Coordinate Systems, Gap Location and Edge Loads
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Z;:O

=0

=2

(=2

and continuity requirements

wl(zl)

- - P
- D
.k
- 70D
M
=—ﬁ—"
.F
=0 ,
f

at r = Zy and ¢ = z, given by

wg(zl),

walzy),

(6)

{9)

(15)

(16)

(17)

Substituting (5) into (6)-{17) results in 12 linear algebraic

equations in the twelve unknowns Ai’ B

-i!

C

-i’

D .

_i, .i=1’2,3c

Table 1 shows values of these constants* for various values of

*

These algebraic equations were obtained numerically using

the Sandia computer library routine SAXBI

{see [5]).



gap size and location, and for three values of Py
corresponding to a change in size of the edge effect region.
Substituting (5) into the relationships

gi(x} - —kiwi(x); i=1,3,

w{(x) = dwi(x); i=1,2,3,

dx

for the adhesive stress and slope error, respectively, yields

o (x) = - ki{e"ﬂi(Zf'x) [A;coss, (2f-x) + Bising. (2f-x)]
(18)

R e—Bi(Zf‘x)[cicossi(Zf-x) + Disinei(Zf-x)]} ;

848721 TR -8, Ycose (2F-x)+ (A, B, )sins (26-x)]

_9-81(2f'*)[(cinni)cossi(zf-x)+(ci+ni)sinai(2¥-x)]};
re=lyd (19)

Wi’(X) = <4

L(Bi+ aC.f + 12D,£2) + (2C. - 120,f)x-3D.x2; i=2,

where the coordinate x = {2f -t} is measured from the vertex
{Fig. 8). The stresses and slope errors defined by (18) and
(19) have been evaluated for the values of the constants in

Tables 1 and plotted in Figs. 9-22. In each of these figures,
stresses or slope errors corresponding to the continuous,
gapless model are also plotted, for comparison.

RESULTS

In Figs. 9-20 stresses and slope errors are shown for the
values of gap size, location and g given in Table 1, The twelve
figures are arranged in three groups of four, each group
corresponding to a different value of B, Each group contains
two plots of stresses and two pliots of slope errors, one plot
corresponding to a change in location of the gap and the other
to a change in size of the gap.

19
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TABLE 1.2

INTEGRATION CONSTANTS FOR 8= 0.186

Aj cm | 87.732 86.462 83.992 81.382 76.300 71.222 89.000 91.542

Bj ¢m | 98.730 97.460 94.920 92.380 87.300 82.220 97.460 97.460
Aq -0.2230 -0.1748 -0.1414 -0.1331 -0,1339 -0.1383 -0.1714 -0.1849
By 0.1378 0.1258 o. 1194 01177 0.1194 0.1197 0.1252 0.1243
Cq  |-4818 2 1072|-2470 2 1072 -6.408 x 1072| 1,888 x 1073 | 4.142 x 10-3| 2.276 x 103 |-2.184 x 1072 |-1.711 x 1072
23] 2.006 5 10-2| 8.800 x 10-3| 1.474 x 10-3| 8.570 x 10°% | 2.525 x 10-3 | 2.780 x 1073 | 8.326 x 1073| 7418« 103
Az |-0.2711 -0.1998 -0.1472 -0,1323 -0.1202 -0.1210 -0.1933 -0.1820
Bg 65411 10°2| 5.588 x 10-2| 5077 x 10°2| 5.080 x 1072 | 5.126 x10"2 | 4.558 x 1072| 6.605 x 10°2 | 5.492 x 10-2
Cap -4.582 x 10-2|-4.733 x 10°3 |-5.015 x 16-3|-5.183 x 10-31-4.082 x 1073 |-4.085 x 10-2|-4.724 x 10-3}-4.708 x 10-3
Dy 8519 x 10-5| 1201 2 10~4 | 1.618 x 1074 1.673 2 1074 1.475 x 1074 | 1095 3 107%| 1.24 x 1074 1133 x 10™4
Ag |-0.2e00 -0.1918 -0.1471 ~0.1447 -0.1885 -0.2491 -0.1088 -0.1801
Bs 2.102 x 1072 | 5.764 x 10~2 | 0.1040 0.1380 0.1842 0.1834 7.048 x 10°2 | 8,843 2 1072
€3 1288 x 1078 | 1257 x 104 | 1.267 x 104 1.287 % 10-4 | 1.267 x 10-4| 1.256 x 1074 | 1.287 x 104 1257 x 1074
D3 9 x 1074 [-1.059 x 1074 |-1.800 x 1079 |-1.850 x 10~4 |-1.680 x 1074 |-1.850 x 104 |- 1,880 x 10”4 |-1.850 x 1—‘_]

TABLE 1.b
INTEGRATION CONSTANTS FOR 8= 0.392

Aj em | 87.732 86.462 83.992 81.382 76.300 71.222 88.000 91.542

Bi ¢m | 98.730 a7.460 94.920 92.380 87.300 82.220 97.460 97.460
Ai  [-2.909 x 1072|-2.262 x 1072 [-3.274 x 10-2|-3.393 x 10°Z[-3.255 x 1072 |-3.140 x 1072 -3.263 x 1072|-3.296 x 1072
B4 5.143 & 1072 3,067 x 10-2 | 3.127 x 1072 | 8.124 x 10-2| 2.004 x 10-2] 2.928 x 10-2 2,096 x 10-2| 2.963 x 10-2
Cq |-4337 1 10-3] 1.312 x 1073| 2.689 x 10-3| 1.348 x 10-3|-7.732 x 10-5|-5.950 x 10-5| £.088 x 10-5|-9.231 x 1074
Dy 2211 x 03| 1,249 x 10-3| 2.048 x 10-3| 2.023 x 10-3] €.226 x 104 | 5.502 x 10-6| 7.430 x 10~4| 4.080 x 10°4
Ap  [-4.433 x 10-2(-3.136 x 10-2[-3.008 x 10-2|-3.017 x 10°2|-1,207 « 10~2( 1.528 x 1072 |~3.2081 x 10-2|-3.300 x 102
By 2.723 x 1072 | 2.604 x 10"2{ 2.693 x 102 2.437 x 10"2| 1.015 x 10-2 |~2,184 x 1073 | 2.512 x 1072 | 2.462 x 10~2
Cy  [=4.702 1 1073 |-4.876 x 103 |-4.7068 x 10°2|-3.912 x 1073|-1.432 x 10°3| 7.867 x 1075 |-4.020 x 10~3|~4.980 x 1073
Da 2.580 1 107%] 2.727 x 1074| 2.44 x 10-4| 1.808 x 1074 $.647 x 10~5| 1,001 x 10-7| 2.908 x 1074| 3.248 x 1074
Aj ~5,333 1 1072(-0,440 x 1072{-0.1129 -0,1587 -0.1450 -5.436 x 1072 |=4.183 x 1072|-3.483 x 1072
Bg 2.831 2 10-%| 5832 x 1072 7.401 x 102 5.118 x 10-2(-3.078 x 10~2|-3,087 x 10-2| 4,013 x 10"2| 2871 x 10~2
Ca 2028 x 1078 2.023 x 10-8| 2.023 x 10-8| 2.023 x 10-0| 2.023 x 1079 2,023 x 108} 2.023 x 1078 2.023 x 10°®
D3 1.133 x 1078) 1,133 x 109 1,133 ¢ 10°8| 1.133 x m-lt 1,133 x 1078 1,133 x 1078| 1,133 x 10-8] 1.133 » 10-8

TABLE 1.c
INTEGRATION CONSTANTS FOR 8=0.773

A} om 87.732 B86.462 83.992 81.282 78,842 76.300 89.000 91.642

Bj cm| 98.730 97.460 94.920 92.380 89.840 87.300 87.460 97.460
Aq -8.871 x 10"3]-0.567 2 10°3|-8.023 x 1073|7077 x 10~3[-7.785 x 1073 [-7.779 x 10~ |-8.048 x 10-3[-8.218 x 1072
By 8.940 x 1073| 9.044 x 1073 | B.104 x 1073| 7.888 x 10~3| 7.518 x 10~3| 7.517 x 10-3| 8.562 x 1073| s.009 x 303
Cy 1.788 ¢ 1073| 1,268 x 10°3| 3.185 x 1075(-5.122 x 10-5/~2.362 z 10"®| 2,144 x 10~%| 1.023 x 10~3| 7.200 x 1074
Dq 1492 x 1073 1,820 x 10-3| 5803 x 10-4| 7.452 x 10~5[ 3.204 x 10°®| 2.397 x 10-8 1047 x 1073| 5.841 x 10°4
Ag |-7.108 x 1073[-8.175 2 10~3(-5.900 x 1073( 1,028 x 1073} 5.819 x 10~3] 5.898 x 1073|-7.744 x 10°3|-7.450 x 10-3
Ba 1.830 x 1072} 1.618 x 10~2| B.881 x 10~7(0.9720 x 10~4|=2.345 x 103 |-2.418 x 10-3| 1,405 x 10-2| 1.350 x 1072
Ca -4.890 x 1073 |-4.281 x 10°3|-1,925 x 10°3|~2.850 x 10°4]| 2979 x 10-4 | 2.047 x 10~4|-4.489 x 10-3|-4.801 2 10-3
Dy 3.558 x 1074 3.080 x 10°4] 1,103 x 10°4| 1.647 x 10-5]-1.220 » 10-5|-1.138 x 1067 | 3.733 x 1074 4.644 x 1074
Ay  |-0.1417 -0.1807 -4.260 x 1072| 3.508 x 1077|-5.732 x 10-2-0.1338 -8.883 x 10°2|-3.203 x 1072
33 -4.385 x 10-2{-0.1202 ~0.1900 =7.824 x 10°2(-1.636 x 10~3 |-0.081 x 10~2|-5.2564 x 10~5] 1.473 x 102
Ca 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Py 0.000 0.000 0.000 2,000 0.000 0.000 0,000 0.000




Consider Figs. 17-20, corresponding to a=0.773m“1. As the

gap leaves the rim, the magnitudes of the stress, which are
larger for the model with the gap than for the model without the
gap, are reduced when the overlap between the gap and the edge
effect zone is reduced. When the gap is located outside the
edge effect zone the influence of the gap is reduced,
Similarly, when the size of the gap is reduced, Fig. 18, the
magnitudes of the stresses decrease. The stress distribution
for the gap model converges to the distribution for the
continuous model when the gap size goes to zero. Similar
behavior is shown in the slope error plots, Figs. 19-20.
Furthermore, as 8 is changed (Figs. 9-16), the qualitative .
behavior described above is again observed.

In Figs. 21 and 22, the stresses and slope errors {(for g =
0.392 m"l), have been plotted in a different manner. In Fig.
21, values of the stress in the adhesive at the gap boundaries
are shown for various locations of a gap of fixed size. When
the gap is located near the rim (when the vertex end of the gap
is between AO and Az) the adhesive between the gap and the
rim is entirely in compression. This is a desirable
situation - it implies that although the slope errors are
higher, the stresses are not tensile, thus minimizing the
likelihood that the reflective surface and the substructure will
delaminate. As the gap moves away from the rim the adhesive
stresses in the region between the gap and the rim change from
compressive to tensile. If they were to exceed the. strength of
the adhesive, separation of the reflective surface from the
substructure could occur and, since there is no bonding in the
gap region, this separation would extend to point A. When the
adhesive between the gap and the rim is in compression, the
adhesive on the vertex side of the gap is in tension. These
tensiie stresses may also exceed the adhesive strength,
However, delamination is not as likely to occur because the
reflective surface near the rim remains in compression. If
deiamination should occur to the vertex side of the gap it would
be less significant. In Fig. 22, however, a tradeoff appears.

21
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When the gap is located near the rim, the adhesive between the
gap and the rim is in compression and, as the figure shows, the
maximum tensile stress anywhere in the adhesive is low, but the
rms value of the slope error* is at a maximum. As the gap moves
away from the rim, the value of the maximum tensile stress
increases while the rms slope error decreases. Since the
increase in maximum tensile stress is minor in comparison to the
significant decrease in rms slope error, it appears that moving
the gap away from the rim, at the expense of increasing the
stresses is more desirable, particularly if the maximum tensile
stress is below the failure stress of the adhesive.**

SUMMARY

In this report we have sought to investigate the role of
adhesive gaps in bonded panels; in particular, to determine the
way they influence the stresses and slope errors that result
from edge effects. The influence is significant and some
definite conclusions have emerged from this study:

{i} The location of the gap is very influential. As the
overlap between the gap and the edge effect zone is
reduced, the magnitudes of the adhesive stresses and
sTope errors are reduced. For gaps very close to
the rim, however, the situation is much more compli-
cated and generalizations are difficult to make.

* The rms slope error was computed according to the

relationship
N 112
1 2
w' == D Tw!] ]

where wi is the slope error at a point xj, all points
being equatly spaced.

** It is obvious that by moving the gap far away from the rim
reduces both the maximum tensile stress and the rms slope
error to minimum values, however, this particular location
contradicts the reasoning behind the existence of the gap,
which occurs as a result of a strengthening rib placed in
the vicinity of the rim to increase the longitudinal
rigidity of the structure,.
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{ii) The size of the gap is influential; however, only in

the sense that as the size decreases to zero, the
behavior approaches that which corresponds to the edge
effect analysis of a panel with continuous bonding.

fi1ii) There is a tradeoff between stress and slope error.

As the gap is placed farther from the rim, slope
errors decrease while maximum tensile stresses in the
adhesive on the vertex side of the gap increase. The
reduction in slope errors is proportionately greater
than the increase in stress, which still remains below
the failure level of most adhesives in use.
Additionally, as the gap is located farther from the
rim, the stress distribution in the gap-to-rim region
is no longer purely compressive. A reduction in
compressive stresses near the rim is accompanied by
the development of a tensile zone near the gap. Cases
for which the entire gap-to-rim region is acted upon
by compressive stresses are viewed as less susceptible
to delamination than those for which a tensile zone is
present. Therefore, motivation to place the gap
farther from the rim to reduce slope errors is
eventually offset by development of tensile stresses
near the gap in the gap-to-rim region.

Finally it should be emphasized that these results were

obtained for selected values of the material constants and
geometry. In practice, one should repeat this analysis to
determine which Tocation and size of gap is most desirable.
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APPENDIX A: SUMMARY OF FORMING LOADS, RESULTING STRESSES AND
SLCPE ERRORS OBTAINED IN EDGE EFFECT ANALYSIS

Referring to Fig. 8, the forming loads have been determined
(see [11) as follows

3D
Q, = ’ (A-l)
RO 3042
My = —<b_ (A.2)
8f
D
Mmoo- 2 (A.3)
v 2f

In addition, the associated forming pressure was found [1] to be

1

Pofx) = - {
16¢ r1+ x/2£)2137¢ [1+(x/2f

¢

7
vl
41 ( 1+(x/2f) )
The adhesive stresses associated with this distribution is
shown in Fig. 3. Removal of QR, Mas My yield stress
distributions nR(x), oylx) and a distribution of rotated
surface nomals wé(x), wé(x\ that are given by [1,2]

830 _—g(2f-x)
cR(x) = - ——?—T? g [(3+4J§(Bf))coss(Zf-x)-4¢@YBf)sinB(Zf—x)},
16(g
BBD
aylx) = Gl e ®*rsingx-cossx],
' 1 = .
WR(X) = = EETE?T? e sf(2f-x H3+8Jrrﬁf )COSB (2f-x) - 351n3[2f-X)},
Ty 1 -BX
Wylx} = - o=z e COSBX

These distributions are shown in Figs. 4 and 5.
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