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ABSTRACT

An advanced ceramic dome cavity receiver is discussed which heats
pressurized gas to temperatures in the range from 1800°F (1000°C) to 2400°F
(1300°C) for use in solar Brayton power systems of the dispersed receiver/
dish or central receiver type. Optical, heat transfer, structural, and-
ceramic material design aspects of the unique receiver are reported and
the development and experimental demonstration 6faa high—témperature seal
between the pressurized gas and the high—temperatéré silicoﬁ carbide dome

material is described. ‘ .
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1.0 INTRODUCTION

Studies of advanced receivers for solar thermal heated-air Brayton power
systems have been under way at MIT Lincoln Laboratory since 1975. Results
of these studies published in References 1 and 2 show that the ceramic-domed
cavity receiver concept is a promising approach for central receiver and
dispersed—dish solar thermal electric systems. The receiver concept that
is presented utilizes ceramic dome elements to form the interior walls of
cavity-type receivers. The ceramic domes are individually cooled by impinge-
ment~jet heat—transfer techniques. The impinging air is heated to temperatures
in the range from 1800°F (1000°C) to 2400°F (1300°C) when it comes in con-
tact with the hot ceramic dome. A regenerative open-cycle/solar gas turbine
approach is chosen since it offers higher overall thermal efficiency than a
simple cycle and because peak efficiency is achieved at a pressure ratio of
only 4 to 1, which minimizes design considerations of the pressurized receiver.

In May 1978, MIT Lincoln Laboratory was funded to develop this novel
concept for solar heated—air receivers by the U.S. Department of Energy
(DOE). Funding of $249,680 was provided for the year ending 1 May 1979.

At the request of DOE, the program was focused on the development of a high-
temperature seal between the pressurized air and the high-temperature,
ceramic~dome material. The program also included a number of other tasks

as shown in Table I. The overall program included the development and
analysis of conceptual designs for ceramic-dome receivers, the selection of
dome /seal materials, dome structural analysis, studies of existing mechanical
sealing methods, the selection and implementation of a preferred sealing
approach and, finally, the experimental demonstration of that sealing
approach in ceramic hardware of a physically significant size (judged at

this time to be one-foot-diameter seals).

The report which follows describes progress made on a humber of elements
in the developmental program, including ceramic—dome stress calculations, metal-
ization of ceramics, selection of a preferred receiver/dome sealing approach,
mechanical seal leak measurements, and the experimental demonstration of seals

on ceramic domes to one-foot diameters.



TABLE T

SCHEDULE AND MAJOR TASKS FOR
SOLAR HEATED-AIR CAVITY RECEIVER DEVELOPMENT (SHARE)

Major Tasks MlJlJIAlsTo[N[D][U|FIM]A

Conceptual Design Studies and Scaling
Laws

Analysis of Conceptual Designs

Dome/Sealing Materials

Dome Structural Analysis

n| d]l W] N

Studies of Existing Mechanical Seal
Methods

Analysis, Design, and Fabrication of
Preforred Mechanical Seal

Alternative Seal Studies

Design, Fabricate, and Build Ceramic
Dome/Seal Test Fixture

Test Ceramic Domes under Pressure/
Temperature Loading

0|l ®| ~N| O

1.1 Solar Heated-Air Cavity Receiver Concept

The essence of the heated-air ceramic—~domed receiver is shown in Fig. 1,
which illustrates the application of domed ceramic elements to form the walls
of a 1-MW bench model-size receiver. In this approach, the ceramic domes face
convex side outward from the cavity toward the pressure forces created by
the airflow which is to be heated (imsert, Fig. 1). The domes carry the
pressure loads by going into overall compression; a preférred condition
for ceramic materials which are six to eight times stronger in compression
than in tension. The concave sides of the domes face toward the interior
of the cavity and are heated by concentrated sunlight entering through the
cavity aperture. Heat is conducted through the dome walls énd is absorbed
into the airflow on the convex side of the dome through an impingement heat-—
transfer scheme which utilizes numerocus impinging air jets directed inward
against the back sides of the domes (Fig. 1). The heated air is then collected
in a manifold and piped to the turbine where mechanical work is generated and

electrical energy is produced.
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Figure 1. A concept for a 1-MW,_, solar heated-air,
ceramic~domed, cavity receiver test unit.

The ceramic dome receiver approach offers a number of engineering
advantages, including a non-windowed cavity design, the use of impingement-
jet heat-transfer methods which are three to six times more effective for
the same pressure drop than alternative heat-transfer methods, the utilization
of ceramic dome materials in compression (rather than tension) to support the
pressure forces, a maxiﬁum material operating temperature limit as high as
3000°F (1650°C), and a mechanical configuration in which stresses due to
differential thermal expansion between metal and ceramic components are

eliminated.



1.2 Ceramic Dome Receiver Applications

Ceramic dome cavity receivers are applicable to large central tower
systems, dispersed-dish systems, or fuel/chemical systems that require a
pressurized working fluid, typically a gas, to be heated to temperatures
above those attainable with metal receivers.

An example of ceramic domes applied to a combined-cycle solar central
receiver hybrid power system of the type considered in Reference 3 is
offered in Figs. 2 through 4. 1In Fig. 2, the tower configuration, the heliostat
field layout and the number of cavity receivers on the tower of Reference 3
have been preserved but an alternative ceramic receiver design using ceramic
domes in the receiver substation is shown, Fig. 3. 1In this new approach,
ceramic impingement-cooled dome heat exchangers are assembled together to
form the rear wall of the receiver. The face of the wall is formed by
vertical columns of domes, with individual domes cantilevered from
vertical support pipes through which the incoming cool-air supply and
outgoing heated-air streams flow, Fig. 4. An example of the piping layout
used to couple multiple—ceramic—dome—cavity receivers together is also
offered in Fig. 4. 1In the example receiver shown, the solar flux from
the heliostats impinges directly on the face of the ceramic domé modules.

A near uniform solar flux distribution is produced across the face of
individual dome elements, thus minimizing thermal stress loadings in the

ceramic domes.
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Figure 3. New ceramic dome receiver concept
for combined-cycle solar central receiver.
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The ceramic dome concept is also applicable to dispersed—dish-type
solar systems where the receiver is placed at the focal point of the con-
centrator. The ceramic dome receiver may be coupled directly to a Stirling
engine, as shown in Fig. 5, or may take the form shown in Fig. & for solar
Brayton applications. The ceramic dome element may be of hemispherical shape,
Fig. 5, or shallow dome form, Fig. 6, depending upon the application. 1In
point—focus dish applications, Brayton receivers with up to 75—kwt capacity
may be constructed from single domes at the present time. A single dome
of 24~inch span is required and may be fabricated by available techniques.
Domes with spans greater than 24 inches cannot be fabricated now due to
limitations in the size of existing sintering furnaces. This restraint may
be easily removed through the construction of larger sintering furnaces
but the ceramic manufacturers have not to date perceived sufficient financial
reward to undertake this. Thus, receivers of higher thermal capacity require
multiple-dome configurations. Examples of point—focus ceramic receivers of
multiple-dome types are shown in Figs. 7 and 8. 1In Fig. 7, the solar flux
impinges directly on the multiple ceramic dome modules and has been designated
a direct-type receiver. Figure 8 is an example of a design which depends on
a process of absorption on the back wall of the receiver followed by re-
radiation of the heat to the ceramic heat-transfer modules. This receiver
approach has been designated as an indirect-type receiver. As shown in
Fig. 9, direct receiver types typically have operating efficiencies a few
points higher than indirect receivers. A more detailed explanation of the

results shown in Fig. 9 is presented in Appendix A of this report.
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Figure 9. Comparison of the operating efficiencies of
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1.3 Ceramic Dome Module

The ceramic dome module is the basic receiver building block. An exgmple
of a shallow dome version is presented in Fig. 10. The module consists of
a cool-air entrance plenum, perforated-impingement jet-plate, silicon carbide
dome and an insulating dome support ring (Fig. 11). Impinging jets strike
against the solar-~heated ceramic dome and remove heat into the airflow by jet
action. The ceramic dome sits on an insulating ring and is free to slide
on it. The insulating ring, which is also made of ceramic material, provides
both a temperature drop between the ceramic dome and the metal support structure
and a mechanical path by which the pressure forces on the dome are counteracted

by the support structure.
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Figure 10. Shallow ceramic dome module.
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Figure 11, Ceramic dome module support details.

The primary high-temperature seal, a mechanical contact seal, is provided .
at the sliding interface between the ceramic dome and the insulating ring.
A secondary, low-temperature seal is provided at the base of the insulating -

ring, between the insulating ring and the metal support structure. The

primary seal operates at the ceramic dome temperature, typically in the range

from 1800°F (1000°C) to 2400°F (1300°C). The insulating ring/ceramic dome




support system depicted in Figs, 10 and 11 is an actual representation of the
high-temperature seal arrangement that was finally selected and proven at the
one-foot-diameter size in experimental tests. Both hemispherical dome and
shallow dome/seal geometries were leak tested in the experimental tests reported
in Section 7.0. The design goal for the mechanical-contact, high-temperature
seal at the dome ring contact surface was a leak rate of 1% (or less) of the
total flow impinging on the dome when operating at a pressure differential

of four atmospheres and temperatures to 2400°F (1300°C). The goal was easily

bettered in the experimental tests.

1.4 Objectives of the Present Program

The main objective of the present program was the development and
demonstration of a high-temperature ceramic dome seal. However, the solar
heated-air receiver studies also addressed a number of other questions, in-

cluding:

l. TIs it possible to develop a cavity receiver of the
ceramic dome type which operates at high conversion

efficiency while producing heated air at 1800°F?

2, Can ceramic dome units be designed which will
support the pressure and thermal stresses encountered
in operation? What type of ceramic material should

be used?

3. Can the ceramic dome heat exchanger modules be so
positioned in the receiver to receive nearly uniform
incident solar and reradiated cavity fluxes to

minimize induced thermal stresses?

4. Can a method of support be developed to hold the
high-temperature ceramic domes which transmit
pressure loads acting on the ceramic dome to a

supporting metal structure while simultaneously

-15-




insulating that metal structure from the severe
dome temperatures and providing an effective high-
temperature seal at a four-atmosphere pressure

differential?

In the following sections, analytical methods which describe the incident
flux distributions inside cavities heated by parabolic concentrators are
discussed and results which show that the required degree of flux uniformity
in the cavity can be controlled by selecting the proper cavity dimensions
and form are presented. Radiative exchange within the cavity and radiative
losses through the cavity aperture are then considered. Cavity operating
efficiencies are presented. Stress analyses for a variety of ceramic dome/
seal configurations are presented next. Both free-standing and clamped-hemi-
spherical and shallow~dome seal geometries are considered. Three different
methods for obtaining a high-temperature seal which were successfully imple-
mented in subscale (2-inch-diameter) ceramic hardware.are then reported; a
glass seal, a brazed seal and a mechanical contact seal. Based on these seal
investigations, the mechanical contact seal approach is chosen as the preferred
method for demonstration on one-foot-diameter ceramic dome hardware. Finally,

experimental demonstration of one-foot-diameter mechanical contact seals is

reported.




2.0 SOLAR RADTIATION FLUX DISTRIBUTIONS IN CAVITY RECEIVERS

Existing methods for analyzing flux distributions inside cavity receivers
for parabolic dispersed-dish systems involve Monte Carlo and Ray Vector
techniques that are cumbersome and time consuming. Iherefore, as part of
the present program, simple analytical methods were developed to describe
the incident solar flux distributions in cavity receivers heated by parabolic
concentrators for a variety of cavity geometries including elliptical,
parabolic, hemispherical and part-hemispherical cavity forms. The methods
developed assume perfect optics and provide quick, fairly accurate solutions.
Mirror imperfections in the 0-10 milliradian range may be accounted for in
the mathematical equations by including a mirror-error constant and numerically
integrating the resultant equations. The formulation of the analytical methods
and their use in solving practical receiver radiation problems are described
in depth in Appendix A. The reader is referred to that section of the report
for details as to how the incident radiation calculation methods may be
coupled to a cavity radiation exchange model and used to calculate the cavity
receiver's internal equilibrium operating temperature profile with ongoing
power extraction from the cavity. Sample results calculated for a hemispherical
dome-capped cylindrical-cavity receiver and a geometry applicablebto the
Stirling engine coupled receiver, Fig. 5, are presented below to show that
uniform incident flux and uniform operating temperature conditions may be
achieved over the dome.

The geometry for a dome-capped cylindrical cavity receiver near the
focus of a parabolic concentrator is illustrated in Fig. 12, Reflected sun-
light from the parabolic concentrator passes through the cavity entrance and
impinges on the cylindrical cavity walls and on the hemispherical end cap.

The incident flux distributions on the walls of a l4-inch-diameter cavity
placed at the focal point of a 30-foot-diameter, 45-degree rim angle,
parabolic dish are shown in Fig. 13 for a dish with perfect optics. The
flux impinging on the hemispherical—dome heat exchanger unit is essentially

constant, while flux peaks occur on the cavity walls near the rim angle of

the concentrator. The resulting temperature distribution within the cavity,




after reradiation exchange, is displayed in Fig. 14. This example assumes
that heat extraction from the cavity is occurring through the hemispherical
dome which is operating at a dome temperature of 1800°F. For the case shown,
the equilibrium temperatures on the forward bulkhead which encircles the
entrance aperture and on the cavity wall forward of the radiation peak are
2400°F. The maximum cavity temperature of 2800°F occurs in the vicinity

of the peak flux on the wall.

Figure 12. Dome-capped cylindrical—
cavity receiver geometry.
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The receiver operates at an overall cavity efficiency of 97.7%, where
cavity efficiency is defined as the ratio of the integral resultant cavity
flux to the incident collector flux. In a practial receiver application
with a parabolic concentrator containing mirror errors, the high receiver
efficiency (97%) will be reduced, as a larger cavity aperture is necessary
to accommodate a broader beam width (caused by mirror erfor), thereby in-
creasing the losses through the aperture. 1In addition, specular reflection
is estimated to reduce the efficiency by 2%, but even when this and mirror
errors up to 10 milliradians are included, the cavity efficiency should still

exceed 90%.
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3.0 CERAMIC MATERTALS

Silicon carbide was selected as the dome material while silicon carbide
(siC), aluminum oxide (A1203), and mullite were considered for the insulating
ceramic ring. Silicon carbide is preferred for the dome because it has
superior properties of thermal conductivity, strength, and thermal shock
resistance at elevated temperatures. Two versions of SiC were used in this
program; one a siliconized SiC which may be operated satisfactorily in air to
a maximum temperature near 2400°F, and the other, a chemical—vapor-deposition
(CVD) SiC which potentially can be operated to 3000°F. The siliconized SiC
product was produced by Norton Company and the CVD SiC product was fabricated
by Materials Technology Corporation (MTC) .

Values of thermal conductivity and modulus of rupture (MOR) at 2200°F
(1200°C) for two Norton siliconizied SiC materials and MTIC CVD SiC are listed
in Table II. NC-435 siliconized SiC is a smaller-grained, higher-strength
version of NC-430 with a more limited shape-forming capability. During the
period of the SHARE contract, NC-435 was available only in plate form with
dimensions not exceeding 4 inches. Experimental burst tests by Garrett
Corporation of NC-430 and MIC CVD SiC tubes have shown that CVD SiC is
30% stronger than NC-435, Table II. v

TABLE II

THERMAL CONDUCTIVITY AND MODULUS OF RUPTURE
OF SiC MATERIALS

(1200°C)
*
NC-430 NC-435 MTC CVD SiC
K Btu/ft® hr (°F/ft) 18 — 12
Modulus of Rupture 38-52000 68000 52—68000+
(psi) (3-point) (4-point)

*
Materials Technology Corporation

+
Estimate based on Garrett Corporation burst tests of CVD SiC tubes.
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The thermal conductivity of NC-430 at elevated temperature exceeds
that of metals such as stainless steel. In comparison, aluminum oxide and
mullite have thermal conductivities at 1200°C which are a factor of 2 and a
factor of 5 to 8 less (depending on the type of mullite), respectively,
than SiC; their MORs are substantially less than SiC with mullite being the
weaker of the two materials.

NC-430 SiC, NC-435 siC, MTIC CVD SicC, A1203, and mullite ceramic materials
were put to use in the experimental program in a variety of shapes. NC-430
SiC was used in the form of plates, disks, test coupons, domes and insulating
rings; NC-435 SiC as disks and test coupons; MIC CVD as test coupons, domes
and insulating rings; A1203 as disks, test coupons, domes and insulating rings,
and mullite as test coupons and insulating rings.

Ceramic test coupons were used in the ceramic metalization and brazing
portion of the investigation. After metalization, the ceramic/metal couples
were heated in a furnace to expected operating temperature levels to test
the adhesion qualities of the ceramic-to-metal bond. The metalized coupons
were also brazed to each other to form tensile test specimens for brazed-
joint strength tests.

The size of the ceramic dome pieces that could be formed from SiC ceramic
materials was quite limited at the start of the present contract. Norton
Company had fabricated dome-like structures of about 6-inch maximum diameter
in NC-430 SiC material. MTC CVD SiC had been produced in plate and disk form
only. The situation was better with regard to A1203 ceramics since missile
radomes had been constructed previously in the United States, with dimensions
of the order of one-foot diameter and several feet length, so fabrication
experience was available. Mullite fabrication was substantially more limited
than A1203, being restricted to plates, sheets rings and disks, with maximum
dimensions of not more than a few inches. Thus it was necessary for Lincoln
Laboratory to support developmental efforts at Norton Company and MTC to
obtain the one-foot-diameter SiC ceramic hardware needed in the present

program.
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In the course of the program, testing of ceramic hardware was carried
out at the 2-inch-diameter, subscale level and the one-foot-diameter, proof-
test level. At the 2-inch scale, mechanical seal tests were accomplished
with NC-430 SiC, MTC CVD SiC and A1203
rings of A1203 and mullite. At the 12-inch-diameter scale, NC-430 SiC hemi-

disks and hemispherical domes on insulating

spherical and shallow dome forms were tested on 12-inch-diameter insulating
rings of NC-430 SiC, MIC CVD SiC, and A1203. The 12-inch-diameter NC-430 SiC
hemispherical and shallow domes manufactured for Lincoln Laboratory by the
Norton Company were the largest dome shapes fabricated by that company up

to that time; previous experience being limited to 6-inch-diameter items.
Norton Company and MIC were also successful in fabricating 12-inch-diameter
insulating rings of NC-430 and MIC CVD SiC, respectively. MTC was unable to
deliver 12-inch-diameter CVD SiC domes to Lincoln Laboratory because of
problems encountered in separating the CVD SiC dome from its carbon mandrel.
This problem was not resolved by MIC during the duration of the SHARE contract.
Also 12-inch-diameter insulating rings and plates of A1203 were delivered

to Lincoln Laboratory by GTE Western Gold and Platinum Company (WESGO).
Delivery times on the Norton Company NC-430 domes and insulating rings of
12-inch diameter exceeded eight months. MIC CVD SiC and WESGO A1203 12-inch-
diameter parts were delivered three months and six months, respectively, after

placement of the order. WNo contractor could be found who could supply

12-inch-diameter mullite parts.
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4,0 HIGH-TEMPERATURE SEAL TECHNOLOGY

Literature searchs of high-temperature seal technology, made at the
start of the SHARE Program, showed that the technology necessary to achieve
a seal in the temperature range from 1800°F (1000°C) to 2400°F (1300°C) did
not exist. Previously, seals had been constructed that would work continuously
up to about the 1600°F (875°C) temperature level but nothing had been developed
for higher temperatures. Therefore, a program was undertaken to develop the
technology that would allow the desired seal to be realized. The philosophy
adopted in the program was to attempt to develop three entirely different
seal approaches simultaneously in 2-inch-diameter hardware and to select the
most promising approach for application to the one-foot-diameter seal tests
after about six months elapsed time in the program. Based on the initigl
literature searches, a mechanical contact seal, a glass seal and a brgied
seal were chosen as the most likely candidates. The technology for each of
the three seal candidates was successfully developed during the program.
The mechanical contact seal was accomplished earliest in time, followed by
the brazed ceramic seal and, finally, the glass seal. Based on this develop-
ment sequence, the mechanical seal approach was chosen as the preferred method
for demonstration on one-foot-diameter ceramic dome hardware at the six-month
decision point since it appeared to be the most promising and mature option
at that time. A description of the three seal options will/how be presented

s
;

along with discussions on supporting technology issues.

4,1 Mechanical Contact Seal

In the mechanical seal approach, a freely supported hemispherical
silicon carbide dome (or shallow dome) is mounted on a ceramic insulating ring
and the contact area between the dome and ring provides the primary high-
temperature seal. A metal O-ring under the insulating ring or a metal diaphragm
seal attached to the insulating ring provides a low-temperature seal between
the insulating ring and the metal support structure. An example of a 2-inch-
diameter seal test unit with this geometry is shown in Fig. 15. This
particular unit was assembled from the three components illustrated in

Fig. 16. Seal leakage tests were carried out on the 2-inch-diameter hardware
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by placing the seal within a pressurized vessel, Fig. 17, which it self was
then placed inside a laboratory furnace. The complete laboratory test setup
is shown in the photograph, Fig. 18, and schematically in Fig. 19. The

leak tests were accomplished by pressurizing the space above the dome and by
measuring the leakage through the contact seal to the interior space below
the dome/ring unit with a mass flow meter. The leakage flow was carried out
to the mass flowmeter through a tube, Fig. 15, connected to the interior
space. The seal temperature was maintained at the desired setting by the
furnace.

The sliding mechanical seal concept was pursued because calculations
showed that stresses arising from differential thermal expansion between
ceramic and metal parts of a rigid ceramic/metal seal unit at elevated tem-
perature easily exceeded the strength capabilities of the ceramic materials.
This can be easily seen from a comparison of the thermal expansion character-
istics of SiC, A1203 and mullite ceramics and some candidate metal materials,
Fig. 20. Tungsten metal is seen to have thermal expansion characteristics
close to silicon carbide and mullite while kovar, niobium and rhodium
closely match the expansion characteristics of aluminum oxide. However,
if silicon carbide or aluminum oxide are attached directly to nickel or
steel (not shown), excessive stresses are developed in the ceramic and a
failure will occur before the seal reaches the desired operating temperature
above 1800°F (1000°C). CP267-4817

Figure 15, Mechanical contact seal test unit.
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Figure 16. Mechanical contact seal test components.

CP267-4864

Figure 17. Pressure vessel/seal test unit.
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Figure 18. Two-inch-diameter seal test setup.
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Figure 20. Comparison of the thermal expansion
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Initially leak measurements were taken on a configuration where the dome

receiver/seal geometry was modeled by a ceramic disk supported on a short

section of tube, Fig. 19. The leak rate through the annular contact seal

between the disk and the tube was measured for different surface finishesg

on the ceramic parts and as a function of the air pressure which forces the

disk against the annular seat. Room-temperature leakage measurements for a

SiC disk on an alumina tube are shown in Fig. 21 for two different combina-

tions of surface finishes on the ceramic parts; a 6 U-inch A1203 ring in




combination with a 6 g -inch or 15 #-inch SiC disk. The 15 #-inch finish on
the SiC disk and the 6 4 -inch finish on the A1203 ring are representative of
as-received, diamond wheel-ground finishes from ceramic manufacturers. It

was not necessary to employ lapped finishes on any of the ceramic parts,
because it was found that diamond-ground finishes were adequate. The measured
leak rate level at room temperature and 4-atmospheres pressure for a 2-inch
diameter was found to be low, only 0.15 cubic feet per hour or less. Leak rate
measurements were then made at elevated temperatures and an example of this
data is shown in Fig. 22. The low leakage rate at room temperature was found
to decrease even further as the temperature was raised. The experimental

data was found to obey the leakage rate formula for flat metal contact seals

as a function of temperature and pressure:

ULTS
where QC = leakage rated
H = surface roughness
D = mean seat diameter
M = viscosity of the leakage gas
L = radial seat land width
T = gas temperature
S = apparent seat stress
N = exponent = 3.0 for metal seals

= 1.6 (measured on ceramic seals)

The only difference in the formula for ceramic parts was found in the value
of the exponent N. For ceramic materials in contact, N was measured to be .
1.6 rather than the value of 3.0 used for metal surfaces. Subsequent leak

measurements taken on hemispherical domes also followed this formula.
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Extrapolations of the subscale leak measurement data to 12-inch-diameter
seals were then made, Fig. 23, The data were extrapolated under either of
two assumptions: (1) there are no seat stress effects or (2) the seat
stress effects follow the flat-metal-contact-seal formula. This comparison
shows that the expected leakage rate on a 12-inch-diameter dome at 1800°F
will be more than two orders lower than the design goal if seat stress effects
are not present in ceramic seals and more than four orders lower if they
are. Based on these promising predictions, the mechanical contact seal
approach was selected as the preferred method for implementation and

further testing in 12-inch-diameter seals.

C71-954
-2
10 T T T I |
1800°F AIR
10 4 ATM
DESIGN GOAL
LEAKAGE RATIO 1/8" THICK DOME
§ AL,O, RING —6p INCH
9 SiC DISK ~154 INCH
ow' NO SEAT —
4 STRESS EFFECTS 3
[-% —
2 —
= IMPINGEMENT
o FLOW
3 1 SCFM/IN _|]
Q 2
r 10—5 2 SCFM/IN"_]
w - -
g : WITH SEAT 3
- STRESS EFFECTS —
S 7]
5 L _
o
= . -6
3UE E
— 1 SCFM/IN —
= 2
B 2 SCAM/IN®
0”7 | | | | |
2 4 é 8 10 12 4

DOME SPAN (Inches)

Figure 23. Leakage predictions for larger-diameter contact seals.
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4,2 Brazed Ceramic Seal

The brazed ceramic/metal seal concept that was investigated is shown
in Fig. 24. The ceramic is metalized and a leak-tight metal diaphragm is
brazed to the periphery of the silicon carbide dome. Literature searches
into the metalization of silicon carbide for use at temperatures above 1800°F
(1000°C) showed that the necessary technology was not available. Therefore
an experimental program was undertaken to develop metalization and brazing
methods. Vacuum sputtering of the metal coating to the ceramic was chosen
as the metalization approach because this technique had not been explored
before for use in high-temperature joints for engineering-type applications
and appeared to be a promising avenue. Examples of potential uses of metal-
ization techniques in the context of the SHARE program are illustrated in

Fig. 25. Development of the approach was shown to be possible.

C71-951A (detail)
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Figure 24. Brazed ceramic/metal seal concept..
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Figure 25. Potential applications for
metalization techniques.

The initial attempt at metalization consisted of vacuum sputtering a
layer of tungsten (W) onto a 2-inch-diameter disk of NC-430 SiC. Excellent
adherence of the coating was observed at room temperature and continued ad-
herence was observed when the disk was heated in 200°C-temperature increments
from 600°C to 1200°C (1100°F to 2200°F). The appearance of the 2-inch-diameter,
tungsten-coated disk after the 1200°C—temperature cycle is shown in Fig. 26.
The dark circular area in the center of the SiC disk is uncoated SiC while the
light surrounding area is the coating of tungsten metal. Excellent adherence
of the metal and SiC is observed over the entire area vacuum coated with W,

and along the circular boundary.
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CP267-2412

Figure 26. Tungsten-coated SiC disk, after the
1200°C (2200°F)-temperature cycle.

Following the successful metalization of W on SiC, overcoat metalization
of the W metal was attempted with nickel to increase the oxidation resistance of
the W and to provide a base metal for a brazed joint. Nickel was found to
adhere excellently to W at room temperatures and when heated incremently to
1000°C (1800°F). TFigure 27 is a photograph of 1/2-inch-square tungsten
(left coupon) and nickel/tungsten-coated (right coupon) SiC coupons after
the 1000°C furnace cycle. The nickel coating covers the right half of the
right coupon and examination of the vertical nickel/tungsten boundary shows
excellent coating adherence. A metalized and brazed SiC joint was then
formed by overcoating three pieces of SiC, first with W and then Ni, and
then brazing the joint together at 2150°F with an aerospace-type AMS-4783

braze, Fig. 28.
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Figure 27. Tungsten and Tungsten/nickel-coated SiC samples,
after the 1000°C (1800°F) cycle,

Figure 28, Metalized and brazed SiC joint.
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In addition to metalizing W* and W plus Ni* on SiC, the ceramic/metal
combinations (couples) listed in Table III were tested for adherence quali-
ties at elevated temperatures. In each case, a ceramic coupon of the type
noted was vacuum sputtered with various combinations and thicknesses of the
metals. Then each coupon was incrementally heated and examined and photo-
graphed after each temperature cycle. A list of ceramics, vacuum-sputtered
coatings, and coating thicknesses tried is offered in Appendix B. A partic-
ularly good vacuum-sputtered combination, in addition to W and W plus Ni
on SiC, was found in the course of these experiments, vacuum-sputtered Ni%*

on A120 This couple showed excellent adherence to 1300°C. A photographic

history3of a coupon of A1203 with a vacuum-sputtered coating of Ni is shown
in Fig.29 as the temperature is increased to 1300°C. For each temperature,
a photograph of the whole coupon is shown on the left and a magnified portion
of the coupon is shown at the right. Excellent adherence was observed. This
result was unexpected since the literature search made at the outset of the
program had shown that metals similar in expansion to Ni, such as copper on
A1203, were unable to survive temperature cycling above the 600-800°C range
without deterioration. The success of vacuum-sputtered Ni on A1203 would
allow a metal diaphragm to be brazed directly to an A1203 insulating ring
should that be a desired configuration. Experiments were also conducted of
overcoating the exposed edges of brazed metal joints with a layer of CVD SiC
for increased oxidation resistance. This also appears to be an excellent
approach.

The work described above demonstrated the metalization of ceramics

by vacuum-sputtering techniques and the formation of brazed joints between

ceramic pieces.

*
Patent pending,
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Figure 29. Vacuum-sputtered Ni on A1203.
Temperature cycling results,
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Figure 29 (continued).
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TABLE III

CERAMIC/METAL COMBINATIONS (COUPLES) //
TESTED FOR ADHERENCE QUALITIES //
/
Ceramic Metal Coating e
Material Tungsten Niobium Nickel Rhodium
v
X 7
SiC X ¢+ X
X /X X
Va '//
X /
Al,0 X ' X
293 ;3
X /
Mullite X /// X
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4.3 Glass Seal

The glass seal portion of the program was carried out on the MIT campus
by Professor Kent Bowen and graduate students under subcontract to Lincoln
Laboratory. The glass seal approach was successfully demonstrated by
forming glass bonds between silicon carbide and mullite ceramic pieces at a
temperature of 2200°F (1200°C). An example of the versatility of approach
is shown in Fig. 30, where glass has been used to bond two 2-inch-diameter
disks of silicon carbide together and then to bond the silicon carbide com-—
bination unit to a mullite insulating ring (light color cylinder). The glass

seal shown was completed near the end of the SHARE program.

CP267-5039

Figure 30, High-temperature glass seal--two-
inch diameter.
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5.0 CERAMIC DOME AND INSULATING RING STRUCTURAL ANALYSIS

5.1 Ceramic Dome Stresses

Prior to the selection of the mechanical contact seal as the preferred
seal approach, methods were developed for analyzing the stresses in a
variety of ceramic dome/seal configurations including free-standing and clamped—
hermispherical and shallow-dome seals. Both analytical and finite-element
analyses were used to detemine the combined pressure and thermal stresses
in spherical-dome-segment, heat-exchanger units. Thermal stresses in the
dome arise from the temperature gradient through the thickness of the dome
for the conduction of heat. Dome stresses were calculated for a four-atmosphere
pressure differential across the dome and a maximum temperature gradient
through the dome of 400°C/inch. Calculations were performed for dome thick-
nesses in the range from 1/16 to 1/4 inch and dome spans from 6 to 36 inches
using material properties representative of Norton NC-430 silicon carbide
(SiC) material. A complete explanation of the methods and results may be
found in Appendix C. Some examples of those results follow.

An example of the combined pressure and thermal stresses in a 1/8-inch-
thick, 12-inch-hemispherical, SiC dome with free edges as predicted by the
analytical treatment is shown in Fig. 31, Variations in dome compressive
and tensile stresses as a function of polar angle, @, are illustrated and
show that a maximum hoop stress of aetop = 9000 psi occurs in this example
on the outside of the dome at its edge, G/@max = 1,

Maximum stress levels have been determined, from stress profiles of the
type shown in Fig. 31, for free and clamped domes with shapes that vary from
hemispherical to shallow forms and the results are summarized in Table IV.
Based on these structural analyses, the free hemispherical—-dome seal and the
clamped shallow-dome (h/b = 0.20) seal were selected for design, fabrication
and test in one-foot-diameter sizes. The maximum stress levels for these
configurations are 9000 and 5950 psi, respectively, and these stresses are
small in comparison with the strengths of the silicon carbide material. As
shown earlier, Norton NC-430 SiC and MTC CVD SiC have MOR at 2200°F (1200°C)
temperature of 38,000 to 52,000 psi and 52,000 to 68,000 psi, respectively.
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Figure 31, Combined pressure and thermal stresses

in a 12-inch hemispherical dome.

TABLE IV
SiC DOME STRESSES

C71-948

HEMISPHERICAL DOME SHALLOW DOME W/B*= 0,2
ME_THICKNESS SP.

10 Elucnss D?Tﬁcueéy CLAMPED FREE (TROLLEY) CLAMPED FREE (TROLLEY)

6 +2,400 +3,900 +1,950 +24,000

1/16 12 +1,000 +2,500 - 100 +64,300

3% -4,900 Ne* -8,800 e

6 +9,700 +10,000 +9,400 +15,500

V8 12 +6,500 +9,000 +5,950 +28,700

36 +3,900 +5,800 +1,700 +118,000

6 +15,700 +20, 500 +15,400 +20,000

/4 12 +14,600 +20,000 +14,300 +24,900

36 +12,800 +19,000 +11,900 +54,500

[]
Ratio of dome mid-height to span.

* Not calculated.

Note: Plus signs (+) indicate tensile stress and
minus signs (-) indicate compressive stress.
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5.2 1Insulating Ring Stresses

Stresses in the insulating ring arising from the dome pressure loads
on the dome/ring interface (200 pounds per linear inch), from a 400°F tem—
perature difference across the ring and a clamping force of 150 pounds per
linear inch, have been calculated by infinite element methods and have been
found low in comparison to ceramic material strengths (Appendix C). Results
for a SiC insulating ring are shown in Fig. 32, Based on these analyses,
SiC and Al,0, insulating ring ceramic pieces of one-foot diameter were

273
purchased for the seal proof tests.
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Figure 32. Stresses in a 12-inch-diameter SiC
insulating ring--clamped edge condition.
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6.0 ONE-FOOT-DIAMETER SEAL TESTS

6.1 Introduction

The one-foot-diameter contact-seal—leakage measurement tests reported
below were undertaken after promising results were obtained in experimental
leak tests using two-inch-diameter ceramic hardware and after analytical
and finite-element structural analyses of ceramic dome units demonstrated
that ceramic domes can be designed to support the pressure, thermal stress
and temperature load encountered. The goal of the one-foot-diameter seal
tests was to demonstrate a seal with a leakage rate which is 1% (or less) of
the total flow impinging on the dome for heat-transfer purposes, with the
seal operating in the desired temperature range from 1000°C to 1200°C
(1800°F to 2200°F) and with a pressure differential of four atmospheres
(60 psi). Experimental testing of the impingement heat-transfer design in
combination with the high~temperature seal was not part of contract ET-78-~
5-02-4878. Verification of the impingement-jet design approach was con-
sidered by DOE to be of secondary importance to the development of a seal,

and impingement cooling tests were deferred.

6.2 Experimental Apparatus

The one-foot-diameter, ceramic~to-ceramic contact seal tests were
performed by constructing a dome-seal test unit and mounting it on the top of
an existing cylindrically shaped, electrically heated radiant furnace as shown
in the cross-sectional view, Fig. 33, and in the photograph, Fig. 34. The
dome test fixture houses the dome, dome-insulating support ring and metal
support structure. The space above the dome could be pressurized and the
dome was radiantly heated to the desired temperature from below by the radiant
furnace. Seal tests were conducted at the correct seal pressure differential
and temperature, but without impingement cooling and heat transfer through

the dome.
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Figure 33. Dome seal/radiant furnace test unit,
cross-sectional view.
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CP267-4874

Figure 34. Dome seal/radiant furnace test equipment.



The furnace contained two graphite resistance heating elements which
could consume up to 75 kW of electrical power each. The upper furnace
electrode is shown in Fig. 35, and the furnace control console in Fig. 36.
Instrumentation for the experiment consisted of pressure transducers,
temperature measurement equipment, and flowmeter measurement units for
leakage tests. Thermocouples were mounted at various locations on the ceramic
dome, ceramic insulating ring, and metal support structure. The radiation
flux profile from the radiant furnace to the dome surface was measured prior
to the experiments using a water-cooled flux gage that translated along
a hemispherical surface coincident to that which was later occupied by the

installed dome.
CP267-4579

Figure 35. Upper furnace electrode.
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Figure 36. Radiant furnace control console.
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Subcontracts were let with industrial ceramic manufacturers for the
manufacture of the ceramic hardware required for the seal tests. One-foot-
diameter silicon carbide (SiC) insulating rings were delivered by Materials
Technology Corporation (MTC) Dallas, Texas (Fig. 37) and by Norton Company,
Worcester, Massachusetts (Fig. 38). The MIC insulating rings were constructed
by CVD deposition of a layer of silicon carbide on a graphite mandrel while
those from Norton were solid SiC, prepared by a process which employs slip
casting, firing and siliconization of the piece. The finished material is
designated as NC-430 SiC by the Norton Company. One-foot-diameter NC-430
SiC shallow domes and one-foot-span NC-430 SiC hemispherical domes were
delivered by Norton Company (Fig. 39). Aluminium oxide (A1203) ceramic
hardware in the form of disks and insulating rings (Fig. 40) were procured
from Western Gold and Platinum (WESGO) Company. An assembled hemispherical
dome seal test unit is shown in Fig. 41 and a shallow-dome seal test unit

in Fig. 42,
CP267-4866

Figure 37. One-foot-diameter MIC CVD silicon
carbide insulating ring.
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Figure 38. One-foot-diameter Norton NC-430
silicon carbide insulating ring.

CP267-5034

Figure 39. Shallow and hemispherical silicon
carbide NC-430 ceramic dome hardware.
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Figure 40. One-foot-diameter alumina ceramic disk
and insulating ring seal unit.

CP267-4921

Figure 41. NC-430 silicon carbide hemispherical dome
and insulating ring seal unit.
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Figure 42. NC-430 silicon carbide shallow dome and
insulating ring seal unit.

6.3 Radiation Flux Measurements

Hemispherical dome radiant flux measurements were made using the
radiation flux distribution test unit shown in Figs. 43 and 44. In this
apparatus, a water—cooled radiation flux gauge can be moved along the hemi-
spherical dome profile and/or rotated in the azimuthal direction. Experi-
mental measurements of the radiation flux profile are offered in Fig. 45 and
show that the flux was constant from the center of the dome to a location
half-way toward the edge (i.e., between § = 0 and § = 45°). As the
edge of the dome is approached (i.e., between 45° £ @ < 90), the radiation
flux decreases slightly and at § = 70°, a 20% reduction in flux is observed.
Measurements of the flux pattern were also made as a function of azimuthal
angle and two measurements made 90° apart are compared in Fig. 45. The
agreement between the two patterns indicates that the flux pattern is

symmetrical in azimuth angle, as expected.
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Figure 43. Radiation flux distribution flux unit.
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Figure 44. Radiation flux gauge installed in
radiant furnace.
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Figure 45, 1Incident radiant flux distribution in
furnace on a hemispherical surface.

The measured flux pattern was deemed acceptable for the planned seal
tests because the absolute dome operating temperature level, rather than
details of the flux distributions, was the driving experimental variable. The
flux distribution on the dome could have been made more uniform, if desired,
by inverting the top furnace element toward the dome. This would improve the
view factor between the radiating furnace element and the dome area near the
dome equator, thus smoothing the flux distribution. However, for the present

test program this was not deemed necessary.

6.4 Seal Leakage Measurements

Leakage tests were performed on a number of candidate seal configurations
with the baseline seal configuration consisting of a hemispherical dome sitting

freely on a clamped insulating ring with a clean copper gasket for the
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secondary seal. A schematic view of the high-temperature seal test setup
is shown in Fig. 46 and a view of a hemispherical dome seal unit mounted in the
furnace, before insulating materials are placed in the space above the dome,
is offered in Fig. 47. The clamping system for the insulating ring was designed
to have translational freedom in the vertical direction in order to avoid any
buildup of temperature stresses related to differential thermal expansion
between the ceramic and metal support units. Vertical freedom was achieved
by placing conical-shaped washers under each clamping bolt. Forces generated
by the clamping bolt and ring syvstem seated the insulating ring down against the
copper gasket or metal O-ring secondary seal. The conical washers maintained
constant seating force during the heating cycle. The pressure forces acting on
the dome during the leakage tests then provided additional seating forces on
the secondary seal.
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Figure 46, High-temperature seal test setup.
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Figure 47. Hemispherical dome seal unit installed
in test fixture.

The same test gas was used in both the upper dome seal test unit and in
the radiant furnace enclosure and gas leakage through the dome seal system
into the furnace space was measured by flowmeters connected to the furnace
space. Leakage gas exiting from the furnace was water-cooled to room
temperature before passing through the flowmeter measurement unit. The
flowmeter equipment consisted of three standard float-type gas flowmeters,
covering the measurement range of 0 to 0.18 SCFH, O to 2.0 SCFH and 4 to
190 SCFH, and a highly accurate Matheson mass flowmeter for the leak range
from 0.004 to 0.2 SCFM.
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6.4.1 Baseline Seal

Experimental seal leakage rates for a one-foot-diameter baseline ceramic
dome seal (Fig. 48) are illustrated in Fig. 49. The seal leak rate was found
to decrease rapidly with temperature (also observed in the earlier test series
using two-inch~diameter ceramic hardware) and essentially zero leak rate
(< .004 SCFH) was measured for seal temperatures above 1000°F. The rapid
decrease in leakage rate with increasing temperature is due to the increase in
viscosity of gases with increasing temperature and is predicted by the leakage
formula, Section 4.1. The surface finishes on the dome and ring were 10
and 6 U inches, respectively, and were prepared by a local ceramic grinding
house using standard diamond-grinding techniques. Diamond-ground surfaces
were more than adequate for the tests and smoother lapped surfaces were not
needed. Constant leak rate levels as a fraction of the 1% leakage goal are
superimposed on Fig. 49 and a comparison of the experimental leak rate data
with these values shows that the baseline seal leak rate at temperature 500°F
is substantially below the 1% goal. For temperatures above 1000°F, the leak
rate was less than 1/1000 of the 1% goal.

6.4.2 Baseline Seal with Sealant on the Copper Gasket

As part of the test program, methods were explored to further reduce
the component of leakage through the secondary seal, even though the leak
rate goal had been bettered by a sizable amount in the baseline seal config-
uration. These efforts were fostered by a desire to determine the real
potential of the contact seal approach and by the desire to isolate the leak
rate contribution through the primary seal by eliminating all other potential
leak paths. A commercially available, high-temperature antiseize lubricating
compound, consisting of finely divided nickel particles in a hydorcarbon
carrier, with an advertised maximum-use temperature of 1425°C (2600°F), was
applied to the copper gasket to reduce leakage through that path. Leak tests
of this seal configuration showed substantially reduced leakage rates. For
example, room-temperature leak rate data for this configuration (see Fig. 50)

shows that addition of the sealant to the copper gasket reduced the overall
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Figure 49. Seal leak rates versus temperature--12-inch-
diameter hemispherical dome on clamped ring.

leak rate to 0.016 SCFH at 60 PSI pressure differential in comparison to the
3.1 SCFH leak rate experienced by the clean gasket test unit. The leak rate
of 0.016 SCFH measured at room temperature corresponds to a 2/10000 fraction
of the 1% leakage goal. A separate test series in which the ceramic dome
was replaced by a flat metal plate supported on a gasket was carried out and
showed zero leakage at room temperature and at temperatures to 500°F, the maxi-
mum operating temperature of the gasket material. It can be concluded from
the supplementary tests that the addition of sealant eliminated all leaks
through the secondary seal and that the leakage values shown in Fig. 50 may
be attributed solely to the contact seal between the ceramic parts. A
reduction of the leakage with temperature was also measured as expected for
this seal configuration. At temperatures above 500°F, the leakage had de-
creased below the minimum mass flowmeter measurement capability of 0.004 SCFH,

corresponding to 1/60000 of the 1% goal, and measurements were suspended.
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Figure 50. Seal leak rate--12-inch-diameter hemispherical dome on
clamped ring--room temperature with sealant.

6.4.3 Baseline Seal with Unclamped Insulating Ring

The exceptional performance of the baseline mechanical contact seal, as
exemplified by its low leakage rate in comparison to the 1% leakage goal,
raised the possibility that the seal design approach could be simplified while
maintaining the leakage at or below the design goal. One approach that was
investigated in the test series was the possible elimination of the metal
clamping ring and bolt system.

Tests were run on the baseline seal configuration with an unclamped
insulating ring (Fig. 51) to determine the leakage rate as a function of
temperature and pressure. Leakage data at 2000°F and 2200°F are shown in
Fig. 52 for pressures to 60 PSI (4 atmospheres). At 2000°F, the seal leak
rate is 1/10th of the goal while at 2200°F it is 1/100th of that goal. The

variation of the leakage with temperature, for temperatures between room
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temperature and 2200°F, was also measured and is shown in Fig. 53. These data

illustrate that even at room temperature, when the leak is the greatest, the

magnitude of the leakage is still less than that 1% leakage goal.
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Unclamped ring leak test configuration

Figure 51.
12-inch-diameter domes.
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Figure 53. Effect of dome temperature on leak rate--—
free 12-inch-diameter hemispherical SiC dome on unclamped SiC ring.

It should be noted that the ceramic dome and insulating ring finishes

for the example data shown in Fig. 53 were 18 g-inches and 6 y -inches,
respectively (12 4-inch average finish), and that the leak rate could be

improved substantially by utilizing a smoother surface finish on the ceramic

dome part (a 10 4-inch finish being readily obtainable with diamond grinding).

The leak rate is known to vary as the average roughness to the Nth power, where

N = 1.6. Thus a change in the average surface roughness, from the .
12 4-inch average for the data in Fig. 53 to an 8 HU-inch average finish con-

sistent with the data of Figs. 49 and 50, would decrease the unclamped ring

leak data shown in Fig. 53 by a factor of 1.9.
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6.4.4 Comparison of Seal Leak Data

The leak data measured on the baseline mechanical contact seal, baseline
seal with gasket sealant, and baseline seal with unclamped insulating ring are
compared with each other and to fractions of the leak leakage goal in Fig. 54.
The baseline seal with sealant has the lowest leak rate, the baseline seal
the next highest leakage and, finally, the baseline seal with unclamped
ring has the highest rate. However, all three seal configurations tested
have leak rates at all temperatures which are below the 1% leakage goal.

The data in Fig. 54 show that the mechanical contact seal approach is
quite flexible in that leakage rates may be varied over at least four orders

of magnitude by making controlled changes in the overall design approach

used for the seal. - C74-766
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Figure 54. Comparison of the leakage rate of various configurations.
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7.0 CONCLUSIONS

A mechanical contact seal has been successfully demonstrated on
one-foot-diameter, silicon-carbide, ceramic-dome hardware at pressure
differentials to four atmospheres and at temperatures to 2200°F. Experimental
measurements of the leakage of such seals have been carried out and the
results compared with the goal of developing a seal with a leakage which is
1% (or less) of the heat-transfer airflow impinging on.the dome. For all
seal configurations tested and for all test temperatures between room tem-
perature and 2200°F, the experiment leak data demonstrated that the contact
seal approach easily bettered the 1% leakage goal. In fact, the baseline seal
arrangement demonstrated leakage which was but a fraction of the goal: a
leak rate less than 1/10000th of the goal at typical seal-operating temperatures.
Measured leakage rates on the baseline seal were so low that the metal clamping
ring and bolt system could be eliminated from the baseline design with the
measured leakage still remaining below the desired level. The mechanical
contact seal which has been tested and proven provides a solution to the high-
temperature seal question which was thought to be the technologically
pacing element in the development of the Solar Heated-Air Ceramic Dome
Cavity Receiver (SHARE) concept. A number of receiver configurations appear
to be likely candidates for application of the developed dome heat exchanger

technology.
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ABSTRACT

Analyses of solar radiation flux distribution in cavity receivers
for various cavity geometries are summarized. Simple analyt-
ical techniques to calculate the incident solar flux distribution
inside the cavities are derived for several cavity shapes to pro-
vide a quick, but reasonably accurate analysis of temperature
profiles along the walls and backs of cavities. Design strategies
to couple a dome-capped ceramic receiver to a dish/Brayton or

dish/Stirling engine are also discussed.

A steady-state analysis of cavity receivers shows that direct
heat-transfer concepts, where heat is drawn off directly to the
load, are more efficient than indirect heat-transfer concepts,
where heat is withdrawn from a cavity area that does not receive

incident solar flux,
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SUMMARY AND CONCLUSIONS

A program is underway to develop a ceramic heated-air receiver for advanced-Brayton
central tower and dispersed-dish solar-thermal-electric applications at MIT/Lincoln Laboratory.
The ceramic receiver converts solar energy to high-temperature heat and the heated airstream
from the receiver drives a gas turbine/generator unit to produce electrical energy. To date,
ceramic dome units designed to withstand the pressure and thermal stresses encountered in op-
eration along with a high-temperature seal between the pressurized gas and ceramic dome mate-
rial — silicon carbide — have been developed and tested.1

This report summarizes the analyses performed and solar radiation flux distributions in
cavity receivers for various wall shapes and outlines thé essential design strategy in coupling a
dome-capped ceramic receiver to a dish/Brayton or dish/Stirling engine by a sample design cal-
culation. It is shown that this analytical approach, which minimizes the use of cumbersome nu-
merical techniques, can be used in the analysis of flux distribution in \the receiver and heat trans-
fer to a load, and the subsequent design of a parabolic dish/cavity receiver system capable of
supplying heat uniformly over a wide temperature range to the load.

Sample analytical techniques for calculating the incident solar distribution inside cavities
heated by parabolic concentrators are thus derived for several cavity geometries where individ-
ual cavity sides differ in their shapes. It is shown that the required degree of flux uniformity
in the cavity can be controlled by selecting the proper cavity dimensions and form. Concave
surfaces having an elliptical, part-hemispherical or hemispherical shape on the cavity sides
and rear enables flux uniformity in the cavity to be achieved, and hence the desired geometry
can be chosen for a specific heat-transfer application,

Form factors within the cavity are calculated for representative receiver configurations
and are verified by experimental measurements using the unit-sphere method. These view fac-
tors may then be used in a mathematical model developed to provide a more rigorous analysis
that simulates the steady state condition in the cavity by including radiation and reflection through
the aperture. A receiver configuration for a 65-kWt regenerative, open-cycle Brayton, dispersed
solar system, presented as a sample application of the methodology, is modeled on a digital com-
puter and the results of the final flux distribution presented. In this case, the receiver used a
dome-capped cylinder combination in which the length-to-diameter (L./D) ratio of the cavity is
selected to achieve uniform flux over the dome and the L/D and aperture combination is selected
to provide high-receiver-energy conversion efficiency.

The analysis is then extended to include consideration of two different direct and indirect
heat-transfer-receiver configurations for large-scale systems on the order of 100 kWt or larger,
The direct concepts were found to provide more efficient energy conversion than indirect concepts.

Calculations are also presented that predict a relatively uniform incident flux in a 12-inch-
diameter dome with ceramic-to-ceramic contact seals in an experimental test fixture designed
at MIT/Lincoln Laboratory to confirm the leakage predictions for a high-temperature,pressurized

dome seal.
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SOLAR RADIATION FLUX DISTRIBUTIONS IN CAVITY RECEIVERS

1, Introduction

Solar cavity receivers are being considered by MIT/Lincoln Laboratory for a solar thermal,
heated-air, Brayton power system. In this concept, dome-shaped-ceramic receiver elements
heat pressurized gas to 1800°F (1000°C) for use with gas turbine units. Figure 1 shows the
method of sealing the dome to the cavity and the impingement heat-transfer technique in a cross-

sectional arrangement of a single, shallow dome., Ceramic dome units, designed to withstand
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shallow dome module.
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the pressure and thermal stresses encountered in operation, along with a high-temperature seal
between the pressurized gas and ceramic dome material — silicon carbide — have been developed
and tested.1

Figure 2 shows the hemispherical ceramic elements covering the interior walls of a 1-MWt
bench-model-size receiver. Another concept uses a ceramic dome as the rear section of a cy-
lindrical cavity receiver in a dispersed dish/receiver system. The receiver in this instance
supplies heat to a free-piston Stirling engine {(Fig. 3). The design of the receiver is a pacing
item in the development of the approach and requires knowledge of the flux distribution within
the receiver. Thus as a first step, tools for the analysis and design of the receiver, and the
matching requirements for the cavity receiver/engine combination will be presented.

Existing methods for analyzing flux distributions inside cavities in a parabola-dish/cavity-
receiver combination involve Monte Carlo and Ray Vector techniques that are cumbersome and
time consuming. Thus simple analytical methods have been developed to describe the incident
solar flux distributions in cavity receivers heated by parabolic concentrators for a variety of
cavity geometries including elliptical, parabolic, hemispherical and part-hemispherical cavity
forms. Mirror imperfections in the 0-10 milliradians range may also be accounted for in the
mathematical equations by including a mirror error constant and numerically integrating the
resulting equations. The accuracy of the analytical techniques has been shown to be comparable
to the numerical approach, and since mirror errors affect only the leading edge of the flux pro-

file, a quick, fairly accurate solution may be arrived at by assuming perfect optics.
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The incident flux concentration ratio in the cavity interior is thus first calculated using sim-
ple equations developed to describe the cavity shape. A suitable geometry may then be chosen
to ensure a relatively uniform flux density along the side and bottoms while retaining as high a
cavity efficiency (ratio of the integral resultant cavity flux to the incident collector flux) as pos-
sible. The design may then be optimized once the entire set of radiative exchange and reradia-

tion processes have been taken into account.

2, Cavity Configurations

The cylindrical cavity is one of the most commonly considered cavity receiver configura-
tions. Variations in cavity geometry are also possible, for example, with cavity shapes ranging
from spherical to cylinder/dome combinations suitable for use in the solar-thermal heated-air
Brayton power concept. In such cases, incident flux may fall on the wall or back or be spread
over the interior of the cavity, depending on the receiver design and desired flux distribution.

3. Incident Flux on the Back Plane of a Cylindrical Cavity

Figure 4 shows the incident solar flux focussed from a parahbolic concentrator to the back

plane of a cylindrical cavity. The back plane of the cavity may be treated as an off-focal plane.
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It is assumed that the aperture is at least as large as the width of the solar beam entering the
cavity. A ring on the parabola at point M projects an image on the cavity back of thickness, S¢.

Now,

A=S¢cos¢

where A = (g + Ac/cos ¢)ag. So,

A o
c s
S¢=(g+cos¢)cos¢ : (1)

¢09-44784-

PARABOLA

Fig. 5. Thickness of image at M
on parabolic dish.

y=gsing

-

The thickness of the annulus at M, df, is shown in Fig.5. As y = g sin¢, dy = g cos ¢d¢,
and area of the annulus at M is 2rydf where dy =~ df cos ¢ assuming df = gdé¢.
So d¢ = dy/cos ¢ and the area of the ring becomes:

27g sin ¢(dy/cos ¢)

g cos qbdqb)

2mg sin ¢( o5 ¢

2ng? singde

Thus if all the points at the same radial distance as M are considered, the average concentra-

tion ratio, Cy’ on the back plane is at a radial distance, Y:

_ 27g sin ¢gdo
d(cy) = TIM _—Z?YS;—_ (2)

where

Y=Actan¢




Therefore,

g’ sin ¢dg
d(Cy) =y & tan S, p

The limits of integration of the ring thickness, ¢max and ¢ are given by:

min’

o

Y:ActanqbiTS (3)
¢max 2 sin
C.=n § g (——¢ ) : (4)
M A
Y Pmin c fan B/ d¢
If;
qumax; Pminll __ |
then
z
c - g _sin ¢(Ad) .
y_nM Acfan$S¢ (5)
Now
(A)/8, ~ d¢/dy
and since Y = AC tan ¢
dg _ cos’ o
dy ~ A, *

Substituting in Eq. (5):

cos2 ) 1

2 .
Cy=nyg siné A, A tang

Fp 2 3
4y [A—Cm] cos” ¢

where g = distance between a point on the mirror and the focus = ZFp/(i + cos ¢). Therefore,

F )z cos36

c, =4y (xL) ——2— . (6)
y M(Ac (1 + cos ¢)

This result agrees with the stated equation contained in Ref. 2.

To account for mirror imperfections, Eq. (4) may be integrated numerically and the substitu-
tion, @ = ag t+ 4y may be made, where vy is the surface slope error of the mirror in milliradians,
Equations will now be developed for the flux on the back plane of cavity geometries other

than the flat-ended cylindrical cavity,

4, Incident Flux on a Hemispherical Dome-Shaped Back Plane

The back plane of the cylinder (with diameter Dc) is replaced by a dome with the same di-

ameter as shown in Fig. 6, Using the same approach as just described, the equation for the




concentration ratio follows:

A = sin
s
and
A =(g + A coso + /RCZ—-AZ sin2¢) ag .
M
U4
Fig. 6. Incident flux on cavity -
back of a hemispherically
backed cavity,
Therefore

S¢=

Thus the concentration ratio on the dome is given by:

<g +Acos¢+ /RCZ—A2 sinch )
) (7

sin¢

dC¢ = ny(27g sin ¢gd¢/ 27t sin ¢S¢)
where
t=Acos¢+ CZ—Azsian) .
Simplifying,
- 2(dg
dCy = my8 (ts¢)
, a
.
M (1 + cosd¢) t -S;

Now since A = td¢, therefore

S¢s'1n¢=td¢

and therefore

d¢ _ sin ¢
S¢

(A cos g + /RCZ - a% sin®¢)




Therefore

¢ 24
C. = nMS max g ¢ (8)
¢ o . (A 2 2 . 2
min cos¢ + [RC—A"sin"¢ S¢
where ¢max and ¢min are given by:
y={a cos(¢i§)+JRCZ_A2 sin’(¢ & &)} sin(p = &) (9)
and
a=agt 4y .

Assuming perfect optics and that (| |¢max = Prnin |/$) << 1, Eq.(8) can be simplified (using the

same assumption as in Section 3) to:
F? [R2_ A% sin’g
=4 p c
e ™ (T eos )© z 2 . 2.\
9" R, (Acos¢+ /RC—A sin ¢)

5. Incident Flux on the Cavity Back that has an Elliptical or Spherically
Shaped Segment

(10)

If the back of the cavity is elliptical the formula given in Eq. (10) is applicable, but Rc‘ the
cavity radius, is replaced by the equation for the ellipse:

[\M]

2
S A
S+d =1 (11)

T w
(1]

where a, the semi-minor axis, is equal to the cavity radius. The value of e, the semi-major
axis (see Fig. 6) may be selected, and the values of RC, which is the cavity radius in Eq. (10),
now becomes the distance from the center of curvature of the ellipse corresponding to selected
values of ¢, and may be calculated using Eq. (11),

If the back of the cavity is a shallow dome (part hemisphere), each value of R, corresponding
to ¢ can be calculated knowing the radius of curvature of the rear segment and the cavity radius,
and then substituted into Eq. (10), Similarly, the incident flux on the back of a cavity that has a
hyperbolic or parabolic surface may be calculated using the equations for the hyperbola and par-

abola, respectively.

6. Incident Flux on the Cavity Walls (Other Than the Back Plane)

The equation for the incident flux on the cavity walls is derived in Ref, 2, but a more com-
plete derivation is included here for clarity (Fig. 7).
A point at M projects an image on the walls of the cylindrical cavity of thickness, S¢,

where

A =S¢sin¢>

and
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Fig. 7. Incident flux on walls of a cylindrical cavity.
Therefore
D a
_ c s
S¢'(g+ Zsin¢)sin¢ .

Considering all other points on the mirror at the same radial distance at M the average
concentration ratio inside the cavity is at a distance X,

dc, = nM(Zwydz/ chs¢) (12)
Now since y = g sin ¢ and assuming that df = gd¢,

yds2 g2 sin ¢do

and

_ 2 _. d
dCx ZnNg Smd’ﬁc-%

The limits of integration, ¢max and ¢min‘ are obtained from:
x = (g sing + R )/tan(p + 3) —gcos¢ (13) .
where
tan ¢ = g sin¢ +RC/X i
Therefore:
C, = 2ny, Sjmax (g2 ]s:,—msﬁ) d¢ . (14)

min cé




Assuming

N ax = Pmin |1/6 << 1
. do
CX = ZTIMg sm¢ ng . (15)
c

Now

d¢  do

S¢ dx
and since

X = Rc/tanqb

dx = —Rcd(cot ¢}

where a positive change in x corresponds to a negative change in angle ¢. So,

ax e
d¢  sinle
and
d¢ _ 2sin¢
~ 25 .
¢ c

Substituting in Eq. (15):

2 sing 2 sinzg
D D
c

Cx = ang c
F \2 3
in” ¢
- 167 (_B) _sin ¢ . (16)
M Dc (1 + cos¢)

The minimum length into the cavity before any radiation is incident and the minimum distance

into the cavity for Eq. (16) to be valid is given by:
*(S s /2y . (17)

Mirror errors can be accounted for in Eqgs, (13) and (14) by substituting a = ag + 4y,

7. Incident Flux on Other Wall Shapes (Other Than the Back Plane)

Figure 8 shows a cylindrical cavity with spherical walls where the section NN' in Fig, 8(a)
has been rotated clockwise by 90 degrees and turned on its side, NO'. The equation for the con-
centration ratio follows:

A =S sin®
4




where
B =Acot¢

C = (R —B) cos¢

D =(R—B)sing

N A 2 2
A~<g+sm¢ +C+ /RC—D )dcp
N'

and

M
~\
~ Re
K
X0
3
\\\
NN
o\ R
N
-_\\._Al_------_-
"p‘k\/
A &
~
\\ \ ,
~
(b) AN

C = (R, - 8cotdlcos & D=(R,- & cotd) sin ¢

Fig. 8. Incident flux on spherical walled cavity.

Therefore:
A / 2 2
S - (g + sing +(R— B)coso + Rc - D )as
¢ sin©
So,
dC. = ny.2rydy/2n(C + /R 2 - D?) sin ¢S
b4 M c | (o}
- 2 d¢ ,
= Ny8 p . using the approximation illustrated in Fig. 4.
(C + /Rc - D%) S¢
2
¥
1
- dny ——L— £ . (18)
(1 + cos¢) (C + /RCZ—DZ) ¢
Now
A z Z
A_(S.m¢ +C + /RC—D ) do
so, '

S¢sin9=(s—iﬁ—¢ +c+ RZ-D% dp

10




therefore,

d¢ _ sin©

S

¢ A [o2 2
(sin¢ +C+ R —D7)

/# << 1, Eq.(18) can be simplified to:
p

Assuming ||¢

max mln
2

F .

_ p sin©

o = (1 + cos ¢)° VNP /_—'R 5 (C + [RZ_D?
smqb - c

F2 RZ_D?

_ P c

41;M

2
(1 + cos¢)
. R (sm¢ +C + /RCZ—DZ)(C + /RCZ—DZ)

where
. 2 2
sino@ = /RC —-D° /R,
that is:
F2
C =4y, —B
M (4 4 cos)?

. JRZ— (R -4 cote)? sin®y

A
Rlghg +(R-acotd) coss + RZ (R -4 cote)? sin0l(R — A cotg) cos ¢ + [RZ— (R~ 4 cote)? sin gl

If A =0, the cavity becomes a sphere and, Rc = R:

2

P ! (20)

C
(1 +cos¢)2 Rf cos ¢

¢=417M

For wall geometries other than spherical, i.e., part spherical, ellipsoidal, parabolic or
hyperbolic the appropriate analytical equation is used to calculate Rc as described for incident
flux on the cavity back.
8, Design Strategies and Incident Flux Calculations
8.1 Bizing of the Parabolic Dish

As it is desirable to have a high concentration ratio at the cavity aperture, the sizing of the

parabolic dish is important. The average concentration ratio at the cavity aperture is given by:

(D %42 (21)

Cav=7’M p max

and in the general case,

d
max

2F 0 [19,30) + /o ]/ +cosg ) cos o, ]

min

H ;) = Using .+ Z'y/cos¢ )2 + cosz<1>]1/Z .




Using a value of ¥ = 2.3 mrad for the surface slope error of the mirror, and g ='0.0097 rad, the
ratio F /Dp and the average flux concentration ratio, C,y are plotted against ¢ in Fig, 9, where
Dp is the diameter of the parabolic dish. As can be seen in Fig. 9, there is a 26-percent drop

in Fp/Dp corresponding to a 38-percent drop

30 . , Y - 3000 in C__ as ¢ goes from 45 to 60 degrees, re-

spectively. The ratio Fp/Dp determines the

beamwidth, and hence the aperture size of the

25 |- 2500

cavity, which basically determine the cavity
reradiation losses, is important. Thus lower

radiation losses are associated with a larger

20 2000

Fp/Dp. However, as Fig. 9 shows that a per
unit change in Cav has a greater effect than
1800 Cq & PET unit change in Fp/Dp on the cavity effi-
ciency, a dish with a 45-degree rim angle
will, overall, give a higher cavity efficiency
1000 than a 60-degree dish, and the former is pre-
ferred. Further, it is shown in Ref, 2 that a

4%5-degree dish, with a higher mirror surface

03 — 500

error than a 60-degree dish, can consistantly

achieve a higher Cav’ and therefore, a higher

cavity efficiency than the 60-degree dish.

o 15 30 as €0 Since the mirror cost increases with surface
¢ (deg) accuracy, the 45-degree dish will be the more
Fig.9. Variation of concentration ratio with economical of the two. Based on this discus-
angle of incidence beam. sion, a 45-degree dish will be selected for

the example calculations.

8.2 Cavity Flux Distribution: Effect of L/D Ratio and Cavity Geometry

Figure 10 shows the effect of altering the cavity length for a hemispherically backed cavity
if the flux distribution is spread over the back of the cavity only (i.e., ¢ lies between ¢ = +45 de-
grees over the cavity back). The shorter the cavity length, the smaller the relative variation in
flux density. Decreasing the cavity radius so that the flux on the back falls between ¢ = £22,5 de-
grees and the wall flux lies between ¢ = 22,5 and 45 degrees, causes a greater proportion of the
flux to be distributed over the side walls, and vice versa, This does smooth the energy distribu-
tion across the dome, but since the majority of flux now falls on the cavity walls (which contribute
the major portion of cavity radiation loss; radiation losses from the dome are small) cavity effi-
ciency is reduced. Hence it is desirable to catch most of the incident flux across the dome.
Thus, cavity 1eng1‘:h determines the intensity of the flux and relative variation in intensity over
the interior while the cavity radius apportions the flux between the walls and back of the cavity
receiver. If peaks on the cavity walls are desirable, for example, so that the walls reradiate
to the back of the cavity and increase the flux intensity there, then the cavity radius is decreased
until the correct cavity flux level is reached. If less flux variation or lower intensities at the
walls or back are required, then the cavity length and cavity geometry should be adjusted. Vary-
ing the cavity wall shapes will alter the position and intensity of the peaks on the walls. For ex-
ample, spherically shaped walls will flatten the flux distribution there and the peaks will be

minimized.
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Fig, 10, Variation of concentration ratio with degrees for a hemispherically
backed cavity, Cavity length = A feet.

Figure 11 shows the effect of the cavity length/diameter (A/D) ratio for a slightly larger
cavity radius of 6 feet and larger values of A/D, Hence it is possible to effectively equalize the
flux distribution across a hemispherical dome. The dotted curve @ defines the incident flux
angle (¢) limits if a 1-percent variation in flux response (C¢) for A = 1,2, 1.5 or 1.8 feet is de-
sired. () defines the 10-percent limit,

In Fig. 12 the flux distributions of three different geometries for the rear cavity section are
shown; i.e., for an ellipse, part hemisphere, and hemisphere, The same cavity in Fig. 10 (RC =
.5 feet, A =.2 feet) has been chosen for the hemispherical shape. Clearly, the ellipse has the
flattest flux distribution, but the curve for the part hemispherical shape is nearly as even and
would be a good substitute if the former shape is impractical to manufacture. By compariscn
with the foregoing shapes, the same size cavity with a flat back plane shows such a large varia-
tion in flux distribution at the back that the resulting curve went off the scale in Figs. 10 and 11;
i.e., at ¢ = 0 degree, C¢ = 1201 and at ¢ = 45 degrees, C¢ = 146,4, It should be noted that each
geometry will suit a particular design. For example, although the dome shows more variation
in distribution than the ellipse, the peaks on the cavity will tend to fill out the distribution,
whereas the ellipsbidal back would register a more uneven distribution once the peaks on the
walls are taken into account. Secondly, the response of the hemisphere is similar to the part
hemisphere if part of the flux is designed to fall on the back; i.e., ¢ = £25 degrees corresponds
to the dome edge, and the remainder, between ¢ = 25 and 45 degrees falls on the walls as shown
in the sketch of the hemispherical back., Thus the ellipse shape is more suitable (should a flat

distribution be desired) for the case where no flux falls on the cavity walls.

9. Radiative View Factors

To simulate the steady state or equilibrium condition, a more detailed examination of the

flux distribution within the cavity is necessary and the entire set of radiative exchange and
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reradiation processes must be included. However, as view factor algebra was used to determine
the view factors, a short summary note on the subject is included.

All energy that leaves one surface, designated i, in an enclosure must reach all surfaces
in the enclosure that it can "see!® The enclosure will be considered to have n surfaces, with
any surface that receives energy from i designated j. (Note that in the case of a concave sur-

face, Fy; # 0.) This concept may be expressed formally as:

n
) Fyj=t . (23)
=1
The reciprocity relation is:
AiFij = AiFji . ‘ (24)
These two expressions comprise the basis for view-factor algebra.,

Simplified notation will be used by introducing the symbol, Gij’ defined as:

G AF; - (25)

This definition permits Egs. {23) and {24) to be written as:

n
) Gy = A " (26)
j=t
and
Gy =Gy - (27)

The quantity symbolized by Gij is designated the geometric flux. Relations involving geometric
fluxes are provided by energy conservation requirements.
Some special symbolism must now be explained. Between surface 1 and two other surfaces

"seen" by 1, designated 2 and 3,

Gy_(243) “CG4-2%Gy-3 - (28)

Equation (28) is reduced quite easily as follows:

AyFy (243 =BT 2 T A Fy 3

or

Fy(2+3) = F1-2 ¥ Fyo3

that is, the energy leaving surface 1 and striking both surfaces 2 and 3 is the total of that striking
each separately.
A second expression, involving four surfaces is written as F(1+2)_(3+4), which is interpreted

as;

G(142)-(344) = C1-(3+4) T G2-(349) - (29)

The reciprocity relation for Eq. (29) can be obtained easily; it is:

G(344)-(1+42) = G(3+4)-1 TC(344)-2 (30)
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The third relation to be given here is a decomposition of Eq. (29):

Gi— +G1_4+G2_3+G2_4 (31)

Gl142)-(3+4) = 3

which is a direct result of Eqgs. (28) and (29).

1 |
r~ A |
@ @ | ’ L I Fig. 13, Surfaces inside the
cylinder/dome cavity.
T
®r R
%

Four basic equations are needed to determine the 56 view factors for the configuration given

in Fig. 13. Side 4 is subdivided into four equal sections. (The equations were taken from Ref, 3
and modified to suit the cavity geometry.)

1, The view from side 1 to sides 3 + 4 is:

2 2 2 2\2 2
_t [ _r%+a® R®+ A%\, RZ
FO-0+@7 2 [‘ z +/(“ 2 ) -+ r-’-]

r

2. Viewfrom @ to @ + @ is:
_1[(1)(Jz 2_ [ 2+ FE 4 nb)l z)]
F = 1 +[—5——=) [AN4R" + A" —N(r" + F~ +A")" —(2Rr)
@-0+®@ " 2 RZ — r?

3, View from @ to @ is:

2
_ 1 / (A-L) (A —-L)
F@_@—i—-z[ 4 + _RZ - ]

4, View from @ to (@ is:
Z Z z
11 (A—L) L [,..L N AN
F@-@“2R+4[/4+ =z te-nNtHER - EeT) 4+(R)]

Using inverse area ratios and view factor algebra all the view factors may be calculated.
The view of the dome may be calculated by view factor algebra or by treating the dome as a cyl-

inder of length 0.636R tagged onto the cylinder of length A,
Configuration factors between the cavity walls were determined theoretically and verified

The numbered surfaces in Fig. 13 are represented by subscripts in the symbol

experimentally.
for view factor; e.g., F12 represents the view factor from surface 1 to surface 2. The equations

for the view factors required follow:

(32)

2 2 2 2 2
F_=-111_R +(A-—L + g c RO+ (A-1) _ 4R
2 I‘2 I‘Z I‘Z

13
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1 RZ + (A +0.7071R)% R% +(a +0.7071R)%] 4R®
15 2 2 2 2
r r T
= 1—F(3+4) (33)
Pt i+ =1 — (A—1)VarR? + (A - 1)2 = N[r? + R? + (6 - 1)%)% = (2Rn)? (34)
237 2 RZ _ 12
2 2 2 2 2 2
1 R+ a R+ A 4R
Fzs““z[“_z—*/”ﬁ'———z] (35)
r r r
F._ = R:-r? 14—V (a—1)2—war? + (a-1L)?
32 - 2D(A— L) RZ_ 72

_Nir? + R? + (& - 1042 — (2Rr)? (36)

z
1 [, a-1)° (a-1)
33 1_2[ T2 TR ] (37)

¥ =
p .1 [sto.636R /:+(A+0.636R)2_A+L+1.272R
3573 | A-L R R
2
L +0.636R L +0.636R
- x=) 4+(—R——)] (38)
2 |2 2, 2.2 2 2 292 anl
_ o Lf-aLa R% + A 4R R +(a—1)°)°_ 4BS
F41 = 3BT 2 +/(1+ z ) -2 “\/[“’——2—-—] z (39)
r r r r r
Fy, = & 1= [a~4R? + A2 = (a— 1) N4R? + (a— 1) = Jie? + R + 2%) — (2R)
R™—r
#V@e? + R% + (A~ L)% - (2Rr)? (40)

z z
o-v a2 a-n [ - a [, AL
Fs3="p +4[ SRR T e S o 4*;‘2‘] (41)

F) 2
_ 1 L% | 1.335R 4L ,L +0.636R 1.86L
F45_0.313+4[4+—RZ+———L ———R( R =) - R ]
L +0.636R.%(L 1
+(L +0.636R) [4 + (21 003K, (_Z - 4_L) (42)
: R
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2 .2 2. .2 .z 2 P
Fyp= B=Fdjos+ [REL_J [4 B 1o = (43)
2R r r r
p o (a=1) [A+0.636R 4+(A+0.636R\2 A +L +1.272R
53 2D A—L R T R
L +0.636R L +0.636R 2
—EFIT ) e | (44

The radiation view factors just cited may be verified experimentally using a simple graph-
ical procedure developed by Herman and Nusselt known as the unit-sphere method.” Some exper-
imental measurements, F and F

Fig. 14.

were determined using the apparatus shown in

5-(1+2) 5-(3+4)

[P267-473]

Fig. 14. Apparatus to determine view factors in cylinder/dome combination.

An open-sided cylinder is mounted on a metal bar, supported at either end by the glass dome,
and rotated by the dial at one end of the bar, A small glass bulb acts as a point source of radia-
tion from the center of the circular base to the cylinder. The area of the shadow produced at the
base may be estimated by rotating a graduated disk around the glass dome and measuring the
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horizontal coordinates of the shadow produced on the dome. By rotating the cylinder through
£90 degrees the value of the view factor from the hemisphere to cylinder may be obtained. The
ratio of a given shadow area to the base area gives the required view factor. Two shadows were
produced, one representing the view factor between the hemisphere and the bottom of the cylin-
der; the other, between the hemisphere and the cylinder walls. The results for two A/D ratios
are given in Fig. 15.

g ezl

DOME '

CAVITY WALL—\E
]

CAVITY BOTTOM— |
' .
L2

o
>

_—

l):____

Fig.15. View factors A L_ D
between a hemispher-
ical dome and a cylin- 0.6 |
rical radiating cavity
as a function of posi- os |
tion on dome. : % X (oS L/D =1.6
& I: N — L/D:10
0.4 -
O \—DOME TO CAVITY WALLS
L o3}
E 02+ DOME TO CAVITY BOTTOM
> | :
¥ o —- L/D =10
0 X T o—— /D1 -~
(0 )d 30° 60° 90°

§-DOME POLAR ANGLE (DEGREES)

The view factor from the hemisphere to the cylinder wall seems a little high, as the com-
bined view factor from the hemisphere to the walls and the bottom is 0.52, whereas it should be
0.5, since the view factor for the hemisphere itself is 0.5. Using the foregoing equations, the
predicted view factors are given in Table 1, Thus the experimental and predicted values agree
within 10 percent.

TABLE 1
VIEW FACTORS
Theoretical Experimental Percent
Location A/D =1 A/D=1.6 A/D=1. A/D=1.6 Difference
Hemisphere to Walls 0.39154 0.4419 0.42 0.47 6
Hemisphere to Bottom | 0.1084 0.0581 0.10 0.0513 9
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10. A Mathematical Model

Consider an enclosure of N isothermal surfaces with constant properties, the radiosity, Ji’

or total radiant energy per unit time per unit area leaving a surface is:

J,=p;G; + By (45)

where

G. = surface irradiation is the rate at which radiant energy

reaches a surface per unit time per unit area

E

bi radiant energy emitted.

If the surface being considered has a uniform temperature, ti’ then

pl = pl(Tl) and ai = Ei .

If the enclosure is a cavity receiver the interior may be treated as a closed system of sur-
faces; the inlet aperture is treated as one of the surfaces, possessing the properties of a black
body with respect to reflection and absorption, and the properties at a temperature of 0°R with
respect to radiation, The remainder of the cavity interior surface is considered to be grey and
diffuse. By subdividing the interior of the cavity up into a number of surfaces such that the tem-
perature and optical properties of each surface remain constant, a set of simultaneous equations
(incorporating the necessary view factors) which express the radiation and radiation interchange
between surfaces can be solved using the Gauss-Seidel iteration technique until equilibrium is
established within the cavity.

The surface i is irradiated by each surface K in the enclosure that has a view of it and by

incident solar flux. Thus for surface i,
N
i
Gi= 7 L JxFridk *E
t K=1

where Ei represents the incident solar flux

i K" iK"'i i
K=1
since AKFKi = AiFiK
N
= ) JeFic tE (46)
K=1

Substituting Eq. (46) in Eq. (45):

N
I = pi< Y, JFu + 3Fy + E1> + ey . (47)
K=1 :
where piJiFii = irradiation of surface i by itself.
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Thus

N
Y J. F. +E|+€eE

itii i K™ iK i i7bi
K=t
K#i
or
Py S i
Ji=“_pF) Y JFK+E)+1_p1FnEb (48)

K=1

K#i
The incident solar flux is also absorbed by surface i and reradiated. The Ebi represents the

total energy arriving at surface i that is absorbed and reemitted; i.e.,

N
Bpi = B+ L IxFki
K=1
therefore Eq. (48) becomes:
N N
3= oy Byt L IFg t (E + ), IF )/(1 psFi | - (49)
K=1 K:1
K#i

Now a fraction, F of the radiant energy per unit time per unit area leaving surface i escapes
through the entrance aperture (surface 1) as Eq. (49) has to be modified accordingly:

N
3= ealEi 2 IkFxa) <E * Z I Kl] [1—pF . (50)
itii
K=1
K#i
The incident radiation E; is first calculated from Egs. (2) through (8). Strictly speaking,
the specular reflection component of incident flux should be accounted for in the model as a frac-

tion of the component will pass out through the aperture after several bounces inside the cavity.

11, Sample Design Calculations

A sample design calculation for the concept of coupling a dome-capped cylindrical receiver
to a Brayton or Stirling engine follows. The cavity is sized to receive 65 kW from a parabolic
concentrator and to supply 60 kW (78 hp) to a Brayton or Stirling engine at 1800°F Normally,
the Brayton cycle would run at around 2000°F and the Stirling at around 1500°F, so for conve-
nience sake, 1800°F was chosen as a mean, although the cavity can easily operate at 1500° or
2000°F., Assuming perfect optics, a 30-foot-diameter parabolic dlSh which has a rim angle of
45 degrees, considered optimum for this dish/receiver combmatlon gives a 2-inch beamwidth
at the focal point. An entrance reflector is added to the 2-inch aperture to enable the solar beam
o enter the cavity from 0-45 degrees. The calculations assume no conduction or convention

losses.
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Fig. 16. Incident solar flux distribution in dome-capped cylindrical receivers.

Using Eqgs. (10) and (16) plus the design strategy discussed in Section 8, the initial cavity
flux distribution was calculated and an appropriate length/diameter ratio chosen. Figure 16
shows the incident energy on the interior of a 14.4-inch-diameter, 12-inch-long cavity placed at
the focus of the parabolic trough. Flux impinging on the hemispherical back is almost constant
over the dome with flux peaks on the walls of the cylinder. The uniform flux on the dome will
ensure that very low thermal stresses are generated from the incident flux field. -
Given the initial flux distribution, Egq.(50) can now be modeled on a computer to determine
the final flux and temperature profiles in the cavity. The model treats the cavity as having eight
separate regions including four equidistant cylindrical strips between the wall length, 7.2 and
12 inches.
The flow chart for the computer program is shown in Fig. 17. The procedure for arriving
at a solution is to assume values for Ji’ i # 1, and solve for Jye The incident flux arriving at
the walls and cavity back should be included in the value of Ji' Each successive iteration takes
into account the incident solar flux. With the new value of Jy and assumed values of Ji’ the solu-

tion for J2 is obtained. This procedure is repeated, using the most recent values for Ji’ until
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the energy arriving at each surface is approximately equal to the energy leaving that surface; i.e.,

N
Y (G-I A=A
i=1
where A - arbitrary constant, The flow chart (Fig. 17) is a standard chart for a Gauss-Seidel

iteration solution of equations of the form:

a“x1+a12x.2 e e e =b1
a21x1+a22x2 e e e e =b2
an1X1°""""'=bn

Figure 18 shows the internal and external cavity radiation profiles in @ and @ To-
gether, items (D, @, and (@ illustrate all the radiation components that interact in the
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Fig. 18. Cavity receiver radiation equilibrium conditions.

equilibrium condition. Figure 19 shows the cavity receiver's internal equilibrium temperature
profile. The exact surface temperatures are shown in Table 2. As in Fig, 16, the peak (2980°F) h
still occurs at 7.2 inches along the cavity wall, but there is little variation in temperature over
the cavity interior. The results show a smoothing out of the flux distribution from the incident
flux condition to the equilibrium condition, although the position of the peaks on the walls does
not change.
In practice, the high receiver efficiency (97 percent) will be reduced as a larger cavity aper-
ture is necessary to accommodate a broader beamwidth (caused by mirror error), thereby in-
creasing the losses through the aperture. In addition, specular reflection is estimated to reduce

the efficiency by about 2 percent, but even when this and mirror errors up to 10 milliradians are
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TABLE 2

TEMPERATURE AND FLUX DISTRIBUTIONS IN THE

DOME-CAPPED CYLINDRICAL RECEIVER

Incident Energy Energy (Btu/hr) Temperature
Node (Btu) Arriving Leaving (°F)
1 - 221,700 5,100 -
2 - 132,850 132,850 2426
3 - 280,000 280,000 2446
4 45,500 92,300 92,300 2980
5 33,779 79,200 79,200 2860
6 25,515 69,403 69,403 2752
7 19,604 61,000 61,000 2647
8 97,200 333,300 116,060 internal 1870
216,600 external
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included, the cavity efficiency still exceeds 90 percent. Conduction and convection losses will
reduce the efficiency further but it is expected that receiver efficiencies in the range from 85 to

90 percent may be achieved in an actual receiver.

12. Design Considerations for Dome-Capped Cylindrical Receiver

a. Radiation loss is most effectively controlled by incorporating an entrance reflector and
reducing the aperture size., Increasing the cavity length will reduce the radiation loss to a cer-

tain extent, but in doing so the desired flux distribution within the cavity is affected.

b. Wall temperatures should not exceed 3000°F (to avoid materials problems), but should
operate at least 400°-600°F hotter than the dome to transfer sufficient indirect heat to it, The .
wall temperature, which is a major contributor to radiation loss, may be controlled by varying

the cavity diameter,

c. Dome temperature may be controlled by varying the cavity length., The dome does not
contribute significantly to radiation loss at A/D ratios close to unity, The dome flux distribution

is smoothed by decreasing dome depth and cavity length.

d. Optimum heat transfer across the dome is achieved by designing for the minimum dome
area required to transfer heat to the load. In the dish/Stirling concept the dome diameter is

slightly larger than the Stirling engine's cylinder bore.

13, Larger Scale Receiver Concepts

Large-scale solar-conversion-receiver concepts of the order of 1 th are being considered
for operating a Brayton engine (Fig, 2). Individual dome units line the interior walls of the re-
ceiver providing a sufficiently large heat-transfer area for the impinging jets to transfer heat to
the load, Heat flux may reach the domes directly (incident solar flux strikes the dome) or indi-
rectly via other interior cavity surfaces. The object of the exercise is to determine whether

direct or indirect energy conversion is the most efficient of the two approaches and whether the

individual domes should be placed at the top, side walls or bottom of the cavity receiver. In all,
four receiver concepts were evaluated.

To simplify the comparison, the small ceramic dome units were "lumped together" and con-
sidered as a single, large heat-transfer area with a shallow dome shape. The area of this heat-
transfer section is the same for all four concepts. A 75-kWt receiver input was chosen, and
each design concept optimized for maximum energy-conversion efficiency. The dome-operating
temperature is 1800°F. A 5-inch aperture was chosen; the smallest size possible for an entrance
aperture/reflector combination that would still admit the incoming beam and minimize the radia-
tion loss. The view factors necessary for the equilibrium flux calculation were obtained using
the equations given in Section 9. Radiation was considered as the only heat exchange mode inside
the receiver.

Table 3 summarizes and compares the four basic concepts considered. Clearly, direct con-

cepts are more efficient than indirect concepts. However, it would be premature to rank the
concepts before a more complete analysis is made that includes reflections, convection and con-
duction losses, and considers the heat-transfer surfaces (surface number @ of concepts @
and @) as being made up of several individual dome elements. Such an analysis should produce

a great spread of results with larger differences in efficiencies between each concept,
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TABLE 3
SOLAR CONVERSION RECEIVER CONCEPTS SUMMARY
ENERGY OUT
QLT
~/ ® //’ ® o)
Direct Indirect Indirect
CONCEPT
® ©
//‘/
75 kW, 75 kW, 75 kW,
ENERGY IN
Cavity Length (in.) 8 11.6 8 8
Cavity Diameter (in.) 2i 23.2 21 21
A/D 0.38 0.5 0.38 0.38
Temperature (°F)
Node 1
2 1798 1800 1800
3 1790 2350 2609 1800
4 1800 2701 - 1794
Radiation Loss (kWt) 1.799 5,586 4.5 1.802
Cavity Efficiency (%) 97.6 92.7 94,17 97.66

Two factors account for the difference between direct and indirect concepts,

First, direct

concepts operate on the principle that most of the incident flux falls onto and is conducted through
the ceramic dome. Part of this incident flux is reflected and reradiated to the cavity walls, how-
ever, as Table 3 indicates, the wall temperatures run cooler than the dome. Now as the dome
does not contribute significantly to the radiation loss, and the wall temperatures are below 1800°F,
the radiation loss is minimized. Secondly, as the heat-transfer surface area is fixed, the con-
figuration in concept @ requires a larger cavity diameter, and a larger cavity length. This
causes the coinversion efficiency of concept @ to be slightly lower than concept @.

Table 4, concept @ , shows that increasing cavity length and aperture size lower the cavity
efficiency where the latter has by far the greater effect. This is confirmed when the cavity length
is increased in concept (3. '
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TABLE 4

DIRECT VS. INDIRECT CONCEPTS

. . o ..
Cavity Size Aperture Wall Temperature (°F) Dome Top Covity RadLuoStslon
Diameter L A/D Diameter Ceramic Side Side Temperature Eff. (k\ON )
Concept (in.) (in.) (in.) (in.) Shape Bottom (Indirect) | (Direct) (°F) (%) t
1 21 8 0.38 5 Hemisphere 1798 1790 - 1800 97.68 1.74
Direct
1 16 16 1.0 5 Hemisphere 2473 2482 2780 1800 93.0 5.25
Direct
1 16 24 1.5 5 Hemisphere 2620 2573 2764 1780 84.7 11,48
Direct
1 16 24 1.5 5.5 Hemisphere 2575 2540 2747 1780 82.5 13.12
Direct
3 23,2 11.6 | 0.5 5 Hemispherical 1800 2350 - 2701 92.7 5.48
" Indirect Toroid
3 23.2 23.2 1.0 5 Hemispherical 1800 2345 2707 2666 90.97 6.77
Indirect Toroid




14. Furnace Experiment

Tests are being undertaken at MIT/Lincoln Laboratory to confirm the leakage predictions
for a 12-inch-diameter, ceramic-to-ceramic contact seals using the experimental test fixture
shown in Fig. 20 (Ref. 1). A 12-inch hemispherical silicon carbide ceramic dome is mounted
on the top of a cylindrical vacuum furnace unit that heats the ceramic dome/seal module to
1800°-2000°F temperatures. The dome is then subjected to a 4-atmospheres pressure differen-
tial and the leakage through the contact area is measured with a mass flow meter.

An important aspect of the experiment is to simulate the condition of a uniform flux distri-
bution across the dome. Thus the test fixture has to be sized to approach a uniform incident

. radiation profile across the dome as closely as possible. By calculating the view factors inside
the furnace an esiimate of the distribution of flux and number of suns can be made. Assuming
two furnace elements are present, the furnace walls, bottom, and cone surface will all be at

> roughly the same temperature. Hence the flux contributions from each section, including the
furnace elements may be added separately and calculated at different locations on the dome.
When one furnace element is present (the lower one), it is assumed that only the walls and bot- _
tom of the furnace are at the same temperature as the element, and that these items radiate to
the cone, determining the temperature of the cone. Of course, in the equilibrium condition, the
whole inner furnace, including the dome, will be at the same temperature, but it is important
to know the temperatures and flux distributions initially and so avoid the possibility of excessive
thermal stresses being set up in the dome. "

Referring to Fig. 20, the radiation received by the dome may be considered to be composed

of four basic components:

a, Upper furnace element. Only the inside of the element sees the dome,

The outer surface sees the cylinder and the cone.

b. Lower furnace element., Only the inside of the element sees the dome.

The outer surface sees the cylinder and the cone.

¢. Cylinder (body of furnace). This is assumed to have the same tempera-

ture as the furnace element(s)., Its view of the dome is partially obscured

by the furnace elements.

d. Cone. This has the best view of the dome. If two elements are used, the

cone is assumed to be at the same temperature as the cylinder. If one

element is used, the cone temperature is determined by the view that the

cylinder and the furnace elements have of it; i.e., the cone will be at a

. lower temperature than the cylinder.

Formulas for the view factors given hereafter were taken from Ref, 3 and modified according

to the furnace geometry. See Fig. 21 for its notation.

View factor from sphere to cylinder

1

2
4R (cos® 4 —cosO, )

@ @ ® @

tf4 8040 Omay ~ 144 3.1’ Oy +fi4 2, Oy —f4 2, ©

F =

2R (a, —a 4} (cosO  _4 —cos ©p)

(51)
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where

2

. 2 2 .. 2 \2 . 211/2
f14(>\, @) = H[)\ + Rc(cosm + siny)] +p, +R sin w) —(ZRCpZ sinw) | /

and R = dome radius = p,/siny

View factor from dome to cone

1
F = {2R (b, —b,_4) (co8O, , — cose )

4R Z(cos (¢} —cosO_)
c m-1 m

+ 10, 4 0 ) = TPy g O) +Ty5(by Oy = £y5(bys Oy _4)} (52)
where

2
. 2 2 .2 2
f15(§, w) ={lg + Rc(cosw + sinyg)” + (p1 + t—g—ﬁ) +R[ sin w)

L3t/

— [ZRC sinw (p1 t an

View factor from cone to cylinder

1 .
> cos§

F = [2(b, —b, ) (a_—2a__4)
(£,n) (bl)z"(bf-i)z I -1 n n-1

2p(by, =) )= —5td
+iela s by ) TyelBn g by) + fylay, by) —flan, by _4)

where

> 5 © 212 w 2 1/2
f16(§' w) = [(g — w) +,o2 +(p1 - m) ] - [sz(pi_ __cotzp)]

Using the inverse area ratio law [Eq. {(24)] and view factor algebra — the view factors from
the furnace elements — the cylinder and the cone to the dome were calculated (Table 5). The
contribution from the bottom of the furnace is neglected,

In Table 5, selected strips (radial thickness 1 deg.) every 15 degrees over the dome were
chosen as calculation points so that the dome flux distribution could be determined. Clearly,
the cone has the best view of the dome. This pattern does not change significantly when only the
lower furnace element is present.

In Table 6, the flux density (suns) and temperature (°R) at each radial strip is presented.

The total energy arriving at each strip due to two furnace elements is given by:
Qs.trip - Qcone * Qcyl'mder + Qelements

4
=0T (Acone Feone-strip Acylinder F .ylinder-strip

)

+A element, - strip + Aelement 3" strip

where A are the inner surface areas of the top and bottom furnace elements,

elemen’c,1 ’ Aelementz

respectively.
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TABLE 5
VIEW FACTORS FROM SECTIONS OF FURNACE TO SELECTED DOME STRIPS

" View Factor

Upper and Lower Furnace Elements Present

Lower Furnace Element Only

to o | 15 | 3 | 4 | e | 75 [ 0 5 | 30 | 4 [ e 75 90
Dome Strip (degrees) (degrees)

Cone 0.01M1 0.0124 | 0.0115 0.0097 | 0.00699 | 0,00353 0.001199 | 0.00134 | 0.00124 | 0.001048 | 0.000755 | 0.00038!
Cylinder 0.000612 | 0.000916 | 0.0007616 | 0.000585 | 0.000451 | 0.0002718 0.000877 | 0.000709 | 0.000579 | 0.0004286 | 0.000283 | 0.000164
Top Element 0.000425 | 0.00041 | 0,000385 | 0.000328 | 0.000236 | 0.000121
Bottom Element | 0.000105 | 0000103 | 0.0001 0.00009 | 0,000074 | 0.0000464 0.000105 | 0.000103 | 0.0001 0.00009 | 0,000074 | 0,0000464
Bottom

Total 0.01224 | 0,01383 | 0.0127 0.0106 | 0.007751 | 0.00397 0.00297 | 0.00215 | 0.00205 | 0.001567 | 0.001112 | 0.000591
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TABLE 6

FLUX AND TEMPERATURE DISTRIBUTION ACROSS THE DOME INCLUDING CONTRIBUTIONS
FROM FURNACE ELEMENTS, CYLINDER AND CONE

Upper and Lower Furnace Elements

Lower Furnace Element

Flux Density o | 15 30 45 60 75 o | 15 | 30 | 45 | 0 95
Due to (degrees) (degrees)
26,380 | 80,501 | 31,548 | 32,590 | 32,642 | 31,357 | 2849 | 3297 | 3401 | 3525 | 3528 | 3385
Cone 83 suns | 96 100 103 103 99 8.99 | 10.4 |10.73 | 11.12 | 11.13 | 10.68
2268 | 4698 | 4250 | 4620 4387 | 4248 || 4933 | 4642 | 4784 | 4942 | 5053 | 4963
Cylinder 7.15 14.82 | 13.53 | 14.57 | 13.84 | 13.4 | 15.56 | 14.64 | 15.09 | 15.59 | 15.94 | 15.66
542 543 569 592 591 578
Top Element 1.71 1.71 1.8 187 | .87 1.82
135 136 149 162 186 222 135 | 136 149 162 186 | 322
Bottom Element 0.2 | 043 |o0.47 |05 |05 |07 0.2 |0.43 |047 |05 |05 |07
29,335 | 35,878 | 36,556 | 37,203 | 37,806 | 36,405 | 7917 | 8075 | 8334 | se29 | 8767 | 8570
Total 92.28 | 112.96 | 115.8 | 117.55 | 119.3 | 114.84 || 24.97 | 25.47 | 26.29 | 27.22 | 27.¢66 | 27.04
Strip 2035 | 2140 | 2150 | 2180 | 2168 | 2148 1467 | 1494 | 1486 | 1499 | 1505 | 1496
Temperature (°R)




to the dome,

To calculate the number of suns falling on each strip due to the cylinder,

Q... Q.. .. AL
StP © No. of suns of strip = strip cylinder

AL . A .
strip cylinder strip

The furnace element temperature is 1800°F,

Again the cone contributes most of the energy

However, the distribution across the dome is fairly uniform, whether considering

the individual contributions or the total contribution.

4
where T

FLUX DENSITY (suns)

FLUX DENSITY (surs)

When considering the lower furnace element only, the cone temperature is given by

(F
4

! elementz-cone Aelement

4
1 Fcylinder—cone Acylinder) T

cone

A
cone

= furnace temperature raised to the fourth power.

Using view factors in Table 5 and the furnace dimensions,

T =0.,573T
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If the lower furnace element is present only, the cone does not provide most of the radiation to
the dome, and the energy radiated to the dome from all sections is considerably less. However,
as with the furnace elements case, the dome flux distribution is fairly homogeneous.

To convert the number of suns calculated over the dome for a given furnace temperature to
another furnace temperature, multiply by the inverse ratio of temperatures raised to the fourth
power; i.e., say T1 = furnace temperature = 2260°R (used for present calculation) and the num-

ber of suns on dome for a furnace temperature = T, = 1520°R is desired. Multiply the number

2
of suns at each radial strip by

4
(T,/Ty)" =0.2

The results shown in Table 6 have been plotted in Fig. 22. In practice, the real emissivity
of each surface should be taken into account, which will give a lower number of suns received
on the dome, but the relative distribution across the dome, which is uniform in this case (1800°F
furnace temperature) will not change. To include the emissivities, multiply the number of suns

by the surface emissivity for each surface,
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NOMENCLATURE

Areas of surfaces i, )

Dome depth
Concentration ratio

Cavity diameter, radius

Parabolic dish diameter

Maximum diameter of illuminated zone of focal plane
Incident solar flux

Radiant energy emitted by surface i

View factor from surface i to j

Focal length of parabolic dish

Distance between a point on the dish and focus = 2 Fp/(i + cOos ¢)
Length of incident flux distribution on cylindrical cavity wall
Aperture radius

Temperature of surface i

Distance from cavity bottom (located at aperture) to wall flux peak

Solar disk diameter, corrected solar disk diameter

Surface slope error of mirror
Cavity length
Emissivity, reflectivity of cavity

Rim angle of mirror

Angle subtended on dome measured from center of curvature

Reflectivity of mirror surface

Distance from base of parabolic dish to center of imagé in cavity
generated by a point M on the dish
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Ceramic

SicC

SicC

SicC

SiC

SiC

SicC

SicC

Sic

SicC

A1203

APPENDIX B

CERAMIC/METAL TEST COUPONS

Metal Coating
(thickness)

W (0.5u)

W (1.0H4) RT

w Ga)

W (1M), Ni

(200 in.)

W @au), N (Su),

D

W (54u), Ni (2004 in)

W (Gu), NL (54), D

=

(.5u), Ni (.54)

=

(.5u4), Ni (.54),
Rh (2.5 u)

Ni (.8 4)

Test Temperatures

600°Cc, 800°C, 1000°C
1200°C

600°C, 800°C, 1000°C
1200°C

600°C, 800°C, 1000°C
1200°C

600°C, 800°C, 1000°C
1050°C, 1100°C,
1150°C, 1250°C

600°C, 800°C, 1000°C,
1100°Cc, 1150°C,
1250°C

600°C, 800°C, 1050°C,
1100°c, 1l150°c,
1250°C

600°C, 800°C, 1000°C,
1100°Cc, 1150°C,
1300°C

600°Cc, 800°C, 1000°C,
1050°c, 1150°c,
1300°C

600°C, 800°C, 1000°C,
1050°C

600°c, 800°c, 1000°C,
1050°c, 1l150°cC,
1300°C

Comments

Excellent coating

adhesion to
1200°C

Excellent coating

adhesion to
1200°C

Excellent coating

adhesion to
1200°C

Excellent coating
adhesion to
1250°C

Extrodeposited
coating, good
adhesion to
800°C

Good coating
adhesion to
800°C

Electrodeposited
coating; good
coating adhe-
sion to 800°C

Coating oxidized
off on 1050°C
cycle

Coatings cracked
and chipped
after 1000°C
cycle

Excellent coating
adhesion to
1300°C




Appendix B (con'd)

Ceramic

A1203

Al,0

Mullite

Mullite

Mullite

Metal Coating
(thickness)

Nb (.22 1), Ni .78

Nb (.5 4), Ni (.54)

Nb (.5HU)

Nb (1 u)

Nb (5H4)

Nb (.54), Ni (5U)

Nb (Lu), Ni (54)

Nb (54), Ni (54)

W (.54)

W (1U)

W (5u)

Test Temperatures

600°C, 800°C, 1000°C
1050°C

600°C, 800°C

600°C, 800°C

600°C, 800°C, 1100°C

600°C, 800°C, 1100°C

600°C, 800°C, 1050°C,
1100°C, 1150°C,
1300°C

600°C, 800°C, 1050°C,
1100°c, 1150°C,
1300°C

600°C, 800°C, 1050°C,
1100°c, 1150°C,
1250°C

600°Cc, 800°C, 1050°C,
1100°C, 1300°C

600°C, 800°C, 1050°C,
1100°C, 1250°C

600°Cc, 800°C, 1050°C,
1100°C, 1250°C

B-2

Comments

Coatings show
some cracks
at room tem-
perature, large
areas of Al,0

273

exposed by
600°C

Same as above

Excellent coating
quality at
room temperature,
good to 800°C

Same as above,
coating gone
after 1100°C
cycle

Same as above

Excellent coating
adhesion to
1150°C

Excellent coating
adhesion to
1300°C

Excellent coating
adhesion to
600°C

Excellent coating
adhesion to
1050°C

Excellent coating
adhesion to
1100°C

Excellent coating
adhesion to
1250°C




Appendix B

Ceramic

Mullite

Mullite

Mullite

(con'd)

Metal Coating
(thickness)

Nb (.5u4), Ni (5u)

W (1u), Ni (5U)

W (SH), NL (5H)

Test Temperatures

600°C, 800°C, 1050°C,

1100°C, 1250°C

600°Cc, 800°C, 1050°C,

1100°C, 1250°C

600°C, 800°C, 1050°C

B-3

Comments

Excellent coating
adhesion to
1250°C

Excellent coating
adhesion to
1250°C

Excellent coating
adhesion to
800°C
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SUMMARY

The suitability of using spherical silicon carbide shells
as heat exchangers in solar energy receivers is investigated. The
responses of several such shells to the required thermal and
pressure loads are examined quantitatively. Shells of different
edge diameters, depths, and thicknesses are considered. Numerical
data are presented which describe the maximum tensile and com-
pressive stresses arising from heat-transfer requirements and the
shells' nominal diurnal temperature cycle. These data describe
the stresses resulting from a range of edge conditions. Relatively
simple minimum-stress boundary conditions are identified. The
characteristics of a pressure seal and edge-support mechanism
that permit these minimum-stress boundary conditions to be
realized are discussed. ' The temperature of the middle surface
of each shell and the temperature gradient through its thickness
are assumed to be uniform over the entire shell.

It is assumed that the shells' nominal diurnal temperature
cycle ranges between 20° and 1000°C, and that heat-transfer re-
quirements are fulfilled if the pressure and temperature differ-
ences across the thicknesses of the shells are four atmospheres
(60 psi) and 400°C/inch. Under these conditions, the minimum-
stress boundary conditions produce tensile and compressive stresses
of the order of 10,000 psi in a 12-inch edge-diameter shell whose
thickness is 1/8 inch (0.125 inch). Calculations show that the
maximum stresses in a spherical shell can be much larger if the
shell's boundary conditions deviate from the minimum-stress bound-
ary conditions. Such deviations can result from constraining the
rotation or expansion of the shell's edge when the shell is sub-
jected to thermal diurnal cycling.

Two design approaches avoid large deviations from the
minimum-stress boundary conditions:

iii




1. Hemispherical shells can be freely supported, and

2. Shallow shells can be restrained by a clamp that
accommodates changes in the diameter and rotation

of a shell's edge.
These designs are compatible with minimizing the effects of thermal

transients whose time scale is substantially shorter than the
diurnal cycle. A nominal shell thickness of 1/8 inch facilitates
manufacturing. This thickness is substantially greater than the
minimum thickness required for stability in this application.
This work was ﬁerformed in conjunction with the Solar
Heated Air Receiver Experiment (SHARE). Other publications asso-
ciated with this project are listed among the references at the

end of this report.
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NOMENCLATURE

Radius of spherical shell, inch

Diameter of circular edge, inch

Constant derived from boundary conditions, 1b/inch
End/(12(1 - v%)), 1b-inch

Differential expansion of shell radius, inch
Young's modulus, psi

Total horizontal force at the edge of the shell (positive
inward, 1b/inch

Horizontal force at the edge of the shell exclusive of the
horizontal force reacting against the membrane force
induced by the pressure difference across the shell
(positive inward), 1lb/inch

Horizontal component of the membrane force due to the
pressure, p, at the edge of the shell; also the value H
corresponding to the minimum-stress boundary conditions
(positive inward), 1b/inch

Shell thickness (uniform), inch
Shell height, inch

Total bending moment at the edge of the shell, perpendicular
to the local meridional plane, per unit meridional length,
inch-1b/inch

Value of M at the edge of the shell exclusive of the bend-
ing moment induced by the thermal moment, M,_; also the
value of M corresponding to the minimum- str&ss boundary
conditions, inch-1b/inch

Value of M corresponding to the minimum-stress boundary
conditions, inch-1b/inch

Bending moment perpendicular to the local meridional
plane, per unit circumferential length, inch-1b/inch

Bending moment tangent to the local meridian, per unit
meridional length, inch-1b/inch

vii




NOMENCLATURE (Continued)

Uniform thermal moment throughout the shell, inch-1b/inch
Membrane force in a meridional direction, 1b/inch
Membrane force in a circumferential direction, 1lb/inch
Pressure on the concave surface of the shell, psi
Pressure on the convex surface of the shell, psi

P, - Py, Psi

Shear force in a meridional plane, per unit length per-
pendicular to the meridional plane, 1b/inch

Parallel circle radius,_r0 = a sin ¢, inch
Uniform temperature on the concave surface of the shell, °C
Uniform temperature on the convex surface of the shell, °C

Temperature of the middle surface of the shell expressed
as a function of the colatitude angle, °C

Temperature gradient through the thickness of the shell
expressed as a function of the colatitude angle, °C/inch

aQ oY) 1b

Rotation (deflection) in the plane of the meridian of the
tangent to the local meridian (positive rotation closes
shell), radian

V at ¢ = o, radian

Edge rotation corresponding to the minimum-stress boundary
conditions, radian

Displacement of shell along the local meridian (positive
as ¢ increases), inch

Displacement (deflection) of the shell along the local
normal (positive inward), inch

viii




NOMENCLATURE (Continued)

z Distance from the middle surface of the shell, inch
a Colatitude angle of the shell's edge, radian or degree
@, Thermal coefficient of linear expansion, (°C)-1
14 Constant determined from boundary conditions, radian
] ; Increase (deflection) in the parallel circle radius, inch

§ at ¢ = a, inch

64 Horizontal edge displacement corresponding to minimum-stress
boundary conditions

a .
A \/ B , no units

Ao 4\/ 3(1 - vz)(a/hjz, no units

AT Temperature difference, T

1° TZ’ across thickness of shell, °C
6 Azimuthal angle, radian or degree

v Poisson's ratio (no units)

Stress, psi

Membrane stress due to uniform pressure, psi

L Thermal stress due to 4T, psi
og Stress in circumferential direction due to (Vgsdg), psi
% Stress in meridional direction due to (Vg5 8,), psi
- ag Total stress in circumferential direction due to all effects:
pressure, thermal gradient, and edge deformation (Vgs68,), psi
. a; Total stress in meridignal direction due to all effects:
pressure, thermal gradient, and edge deformation (Vg s8q), psi
@ Colatitude angle, radian or degree
¢ Normalized colatitude angle, radian or degree

(¢ - ¢), radian or degree




Edge Stresses in Spherical-Shell Solar Receivers

1.0 INTRODUCTION

M.I.T. Lincoln Laboratory is evaluating the use of ceramic
domes in a solar heated air receiver. One are€a being investigated
is a method of sealing these domes around their edges to prevent
leakage of the high-pressure air supply that is being heated.
Another area requiring investigation and the subject of this work
is the question of how ceramic domes of different depths should
be supported mechanically to minimize the tensile and compressive
stresses as these domes pass from room temperature to operating
temperature near 1000°C. A solution to this problem requires
consideration of the deflections and stresses in domes with fixed,
free, pinned or other edge conditions. The dome is subjected to
stresses arising from pressure loads and thermal loads due to
temperature gradients through the thickness of the dome and radial
temperature prcfiles along the surface of the dome. It is well
known that ceramics prefer to operate under compressive rather than

tensile forces.

1.1 Scope of Investigation

The object of this investigation is to perform calculations
that will provide insight into the expected stresses in the dome

under a variety of conditions. Primary attention is directed

toward describing the deflections and stresses in spherical domes




of uniform thickness subjected to uniform pressure loads and
thermal gradients. No material other than silicon carbide was
considered in the analyses. The results are used to design sup-
ports for spherical ceramic domes that will minimize stress

levels encountered during operation.

1.2 Analytical Methods

The deflections and stresses experienced by a spherical
dome are treated in detail in Timoshenko's Theory of Plates and

Shells.l The methods and approximations given are used to fulfill
most of the analytical requirements of this investigation. Timo-
shenko describes a spherical shell's response to uniform pressure
and temperature differences acting across the thickness of the
shell. He also describes the shell's response to a uniform hori-
zontal force and moment acting at its edge. Finally, a combined
response is obtained by superposition. These steps form the
basis of the analytical procedure adopted in this work. Timo-
shenko's approximations for the deflections and stresses are
relatively simple, and they were coded for machine calculation.
Substantial care was exercised to validate the resulting
computer program. This was done by reproducing the results of the
two examples in Ref. 1., and by confirming the results of hand
calculations describing the stresses at the edge of a shell nom-
inally identical to those under consideration. Each example in
Ref. 1 provides an exact description of the tensile and compressive
stress distributions over an entire spherical shell. The results
of the machine calculations were within 1 percent of the exact
results thoroughout the region of applicability of the approxi-
mations (Section 2.1.2). The program was also used to perform a
parametric study that considered several families of spherical
shells and different boundary conditions. The results of these
calculations are used to identify the significant structural

requirements and limitations of the proposed dome.

-




Time allocations for the study did not permit a detailed
examination of the deflections and stresses generated in shells
with nonuniform temperature gradients over their surfaces. How-
ever, an appropriate reference providing such information is iden-
tified—Ref. 2-—and the methods of the approach are outlined.

The temperature distribution of a spherical shell can be
expressed in the form:

: T(z,¢) = T (¢) + z T($) (1)

where z is the distance (either positive or negative) from the
middle surface of the shell, and ¢ is the colatitude angle with
respect to the shell's axis of symmetry. The functions To(¢) and
T(#) are each represented by a series of associate spherical
functions of the first kind. The resulting normal and meridional
displacements are represented by a series of Legendre polynomials.
The relevant material given in Ref. 2 could be applied directly

to the present problem of determining the maximum tensile and
compressive stresses in the shell. The only important modification
would be that of changing the variable ¢ (colatitude angle) to:

$ = o2 (2)
(7/2)

where ¢ is the colatitude angle of the circular edge. This would
be necessary because the equations given in Ref. 2 are specialized
to ¢ = /2. The Gaussian quadrature formula used in wing theory
(Ref. 3) would be very helpful in evaluating the required integrals.
Neglecting the meridional variation in the shell's temperature

sets aside questions concerning the thermal leakage (heat losses)
through its supports, and its detailed response to thermal

transients.




2.0 STRESS ANALYSIS

2.1 Theory and Limitations

The shell material is assumed to be perfectly elastic and to
undergo deformations that are small compared to its thickness
(nominally 0.125 inch). Young's modulus expresses the linear
relationship between stress and strain, and the coefficient of
thermal expansion expresses the linear relationship between
temperature increase and linear expansion. Additional approxima-
tions are discussed as they are used. Unless stated otherwise,
the shell is understood to have a nominal edge diameter of 12
inches.

It is convenient to begin the stress analysis of the shell
by thinking of the stress as arising from two sources:

a. Pressure and temperature differences across the
shell

b. Edge conditions that produce significant deformation.
The former is discussed in Section 2.2, the latter in Section 2.3.
Superposing these sources of stress is discussed in Section 2.4.
Several of the terms used in these Sections are illustrated in
Fig. 1 whose terms are defined in the Nomenclature.

2.1.1 Minimum-Stress Boundary Conditions

It should be recognized at the beginning of the analysis
that for specified temperature and pressure difference (4T,p)
across the thickness of the shell, there exist boundary conditions
(ﬁa,ﬁa) at the edge of the shell that minimize both the tensile
and compressive stresses in the shell (Figs. 2, 3). These boundary
conditions are referred to as the minimum-stress boundary condi-
tions. The minimum-stress boundary condition for the edge moment

is:

- e, D(1 + v)

M, = . AT = M, (3)




Fig. 1. Forces and
moments acting on an
elemental shell area:

r1=r2=a.

where a, = Thermal coefficient of linear expansion
h = Shell thickness
D = En’/{1201 - w2}
4T = Temperature difference across the thickness of the shell.

< T

T .
( outer surface inner surface)
~

Mt = Uniform thermal moment throughout the shell.

The minimum-stress boundary condition for the uniform horizontal
force at the edge is:

) Hy = B% cos « (4)
where a = Radius of the spherical shell
p = Pressure difference across the thickness of the shell
@ = Colatitude angle of the shell's edge.

Beforevshowing why these boundary conditions are indeed minimum-
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stress boundary conditions, it is first necessary to discuss how
these conditions are related to the uniform stresses in a complete,
closed, spherical shell. Imagine a complete, closed, spherical
shell whose polar cap has the same shape and thickness as the
actual shell (Fig. 4a). Unlike the real shell, the polar cap has
no edge, only a boundary specified by ¢ = a. (4T,p) are applied
and the temperature of the shell's middle surface is not changed.
The uniform bending moments throughout this complete spherical
shell are:

-de D(1 + v)
Mg = Mg = | AT (5)

N¢ = Ne = - R% ‘ (6)

In response to the outside pressure, p, the radius of the shell
contracts by an amount:

da = E% (Ng - »Ng)
(7)

_pa® (1 - )
2Eh

A change in the radius of the shell induced by a uniform tempera-
ture elevation is not considered. It is merely assumed that the
shell radius, a, is the unrestrained radius [except for the pres-
sure, p] of the shell when its middle surface is at a uniform
temperature. The maximum tensile stress occurs at the outer sur-
face of the closed shell and is given by:

) _ pa. 6a_ D(1 + v)

max 2h 2 4T (8)

(otensile

The maximum compressive stress occurs at the inner surface of the
closed shell and is given by:

6 D(1 +
) = . ba _ ae i V) AT (9)

a
g .
( compression‘max 2h 2
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In spite of the application of AT and p, the complete shell re-
mains perfectly spherical, and the polar cap corresponding to the

actual shell remains identified by ¢ s «a.

Sht" /\
Height, hy
¥

[

Fig. 4. Polar cap of closed spherical shell with no edge as
opposed to real shell.
Imagine now that the polar cap is separated, without defor-

mation, from the remainder of the shell by:

a. Maintaining the temperature and pressure differences
across the surface of the new shell (formerly the
polar cap of the complete shell).

(a) {b)

b. Applying the uniform moment

- —ae D(1 + v)
Mg = e aT | | (3)

around the edge of the new shell
c. Applying the membrane force

Ng = -5 (4)

around the edge of the new shell; this membrane force
must be tangent to the shell at its edge; i.e.,




ﬁa = E% cos a

If this is done, the stress distribution in the separated shell
will be identical to the stress distribution in the polar cap of
the entire spherical shell. Furthermore, this stress distribution
is uniform. The forces at the edge are shown in Fig. 5.

Hao / Hy Fig. 5. Edge-reaction
— - forces for the minimum-
stress boundary
=Ngsina| /Ny Ng\ [-N¢sine conditions.

(N¢)¢:a = -(90/2)

ﬁa = (Ng)y-COS

The question now is: Why are the foregoing boundary condi-
tions minimum-stress boundary conditions? A rigorous proof is not
offered, but the rhetorical question is confirmed by the results
of the parametric study. It is also observed that any other
boundary conditions will induce a nonuniform deformation of the
shell; i.e., the shell does not remain a perfectly spherical dome.

Now that the minimum-stress boundary conditions have been
identified, how can they be used to aid in the design of the shell's
edge support? In particular, is not the boundary condition, H = ﬁa,
relatively easy to apply? Unfortunately, no. For H to equal ﬁa,
the supporting reaction force must be tangent to the shell and
follow exactly the horizontal expansion and contraction of the
edge throughout the thermal cycle of the shell. The shell's
edge must also contract by the amount (Eq. 7):

2
- b2 ZEH v) sin a (10)




Although minimum-stress boundary conditions may not be easy

to achieve, they are significant to this analysis because:

a. Minimum-stress boundary conditions represent an
optimum; stresses given by Eqs. (8) and (9) must be
acceptable.

b. They provide a basis for the parametric study. After
allowing for the contraction given by Eq. (10), a
shell's maximum tensile and compressive stresses are

conveniently expressed as functions of the horizontal
and rotational motion of its edge.

c. All subsequent stresses are understood to be super-
posed on the minimum stresses.

In the next Section, the responsezof a spherical shell to the

general boundary conditions (Mg,H,) are discussed. At any point
in the shell, the total tensile or compressive stress can then be
obtained from:

total (11)

g _» ~ + O
(MQDHQJ (Ma,Ha)

2.1.2 Timoshenko's Approximation

In Chapter XII of Ref. 1, the following system of linear
differential equations is derived:

L(U) + g U = EhV
(12)
vy=-.U4
L(V) - 3 V = D
where U = aQq4
_ 1 dw
V=2 (v+ 33)

and the differential operation L(...) is given by:

2
L(...) = %[E%T("') + cote 33(...) - cot?e (...)]

The remainder of the terms are defined in the Nomenclature. This
system of equations is derived from the equations of equilibrium




describing the forces and moments acting on a differential element
(Fig. 1) of a spherical shell of constant thickness. Using the

notation:
Wt = E% - 1; (13)
a .
both equations can be reduced to the form:
LL(U) + u4U =0 (14)
This equation can be rewritten:
21V, azzII + alzI + 84+ a)) =0 (15)
where z = Q¢m
63 9 9
o7 " 16 sin% 8 sinfs 16
LT zi§§:¢
a, = ——— %
2 sin
46 = (1 - vHa %‘i)

Now approximations are applied. For thin shells, % > 1 and
4p4 are very large compared to a,, 25, and a, if the angle ¢ is
not small. Applying this approximation, it is found that:

21V 4 ag 2 = 0 | (16)

whose general solution is:
Qe = ;f%?ﬁ?? eﬂ¢(Clcosﬂ¢+Czsinp¢)+e'ﬁ§(Cscosp¢+c4sin3¢)

In the case of a sphere without a hole at the top, it is
permissible to set C3 and C4 equal to zero; i.e., Qg must remain
finite as ¢ approaches zero. Based on similar consideration,
Timoshenko introduces the simplified system of equations:

11




d Ql
do
(17)
2
d-v 2

1 a_q
Y D1
where Q1 = Q0 v sin ¢

\'

1 v sin ¢

and then Timoshenko obtains the equations that are used in the
computer program:

-a W

= C €. 9 sin (A ¥ + v)
% /sin(a - ¥) °
2x2 Y (18)
S S rreman SO
' e—ho¢ .
Ny = - cot (¢ -vy) C JEEEIZTTTFS sin (AO¢ + )

Ao e MY
Ng = C [2cos(xo¢+7)-(k1+k2)sin(xo¢+7)]

2V sin(aiwg

Mg = »o— C € O [k,cos(A y+¥)+sin(a ¢+7)]
v sin(a-4) 1 ° 0
-A w
a [1+ v )(k +k,)-2k,]cos (A ¥ +7)

i 4”‘ \/51n(a ¢)

+ 2vzsin(xo¢+v)]

=
@
|

A -A ¢
§ = 3. sin(e-y) . o_¢ [cos (A ¢+y) -k, 51n(A\P+7)]

Eh G;;Ia__B

where ¥ = a - ¢
C and Y are integration constants

12




fsa - 2 (%)2}1/4

%

-7 . 1-2v )
k1 =1 > cot(a - ¥)

, =1 - :—l-z—t-—z—l-’cot(oz- ¥)

b
1

Applying first the boundary conditions:

Mgy = M
0= (19)
(N¢)¢=a =0
~ then the boundary conditions (Fig. 6):
(M¢)¢=a =0
(20)
(N¢)¢=a = - Hacosa
_ Fig. 6. Edge-reaction
No -No force that causes a dis-
o continuity in the membrane
Ha H force across the shell-
/ o i
—_ support interface.

(Nglp=a= ~H, cO8 a

and using the reciprocitthheorem, the following matrix equation
is obtained that applies only at the edge of the shell:

.3 2 .
-4 2 }i sina »
Eaﬁél E 1 My V¢=o

2 . .2 |
ZNsino _Msin‘y 1
2k k, T ER (Kt EI) Hy 8 =0

(21)




The edge conditions, V$=0 and 8p=0° are used to evaluate the inte-

gration constants:

- C
v = tan 1—% (1 - Eé)
k 1
cosY
where C3 =qb=0 __Eh
ary/ sina
o)
C. = -V Eh Wsino
A
o}
The boundary condition,,(N¢)¢=a = -Hycosa, is not to be confused

with the minimum-stress boundary condition, ﬁa = (Nply _oC0s @ .
Following the notation of Ref. 1, the quantity, (Nglg.q» has
quite different meanings in the two cases. The membrane force
that keeps the shell in vertical equilibrium is:

(Nodgoo = = 55 (22)

The horizontal force, ﬁcy, simply maintains the continuity of the
membrane force across the shell-support interface. The horizontal
force, Hy, appearing in Eq. (20) induces a discontinuity, Hecosa,
in the membrane force at the shell-support interface; i.e., the
total membrane force at the edge of the shell is:

- _ pa
[(N¢)¢=a]tota1 z " [(N¢)¢=°‘] due to (Mgy,Hqy) (23)

The total horizontal force at the shell edge is:
H = Hy + Hg (24)
Similarly, the total moment at the edge is:

M= My + Mg (25)

The superposition of the membrane force that maintains the shell's
vertical equilibrium and the membrane force arising from the mo-

14




ment and force (Mgy,Hy) at the shell edge is discussed in the next
Section; the superposition of Mg and My is also discussed. The
boundary conditions that maintain the continuity of the membrane
forces across the shell-support interface are the minimum-stress
boundary conditions, and the effect of any deviation (Vy,6,) from
these maximum-stress boundary conditiecns is described by Eqs. (18).
Equations (18) become less accurate as Y tends to zero. For ex-
ample, results obtained by the computer program begin to deviate
from exact [Eqs. (18)] results shown in Fig. 7 when ¢ < 7.5°, At

¢ = 1°, the deviation is as high as a factor of 2. The important
point, however, is this: For the shells under consideration
(a/h » 1), the effect of the edge moment and force always "damps
out" as ¢ tends to zero, and the maximum values of the tensile

and compressive stresses usually lie in the region of applicability
of Egs. (18). The values of the stresses are obtained from the
following equations:

N 6M
©g) =29
6 /top surface h™ h?
(O' ) = ig + %
0 'bottom surface h B2
(26)
(o- ) = N¢ - 61‘/1_¢
9 top surface h 12
N 6M

. 9 ¢
@¢)bottom surface kK ° h2

2.1.3 Superposition of Minimum-Stress Boundary Conditions
and Timoshenko's Approximation

Equations (18) in Section 2.1.2 and the minimum-stress
boundary conditions discussed in Section 2.1.1. are two separate
and distinct considerations. Equations (18) describe the moments
and membrane forces resulting from some specified rotation and horizon-

15
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tal displacement (V,,8,) at the edge of the shell. The minimum-
stress boundary conditions (ﬁa, ﬁa) are the boundary conditions
| that minimize the maximum values of the tensile and compressive
stresses in a shell having a uniform thermal and pressure gradient
(AT,p) across its thickness. The steps in the superposition pro-
cedure are as follows:

1. The spherical shell is initially assumed to be undeformed
with no forces or moments acting anywhere.

2. Uniform thermal and pressure gradients (AT,p) are applied
to the shell. The temperature of the shell's middle
surface is unchanged. The edge of the shell is unre-
strained. Applying (AT,p) deforms the shell in some un-
specified manner.




3. Minimum-stress boundary conditions (ﬁa, ﬁa) are applied,
and the resulting maximum stress determined using:
6M
= (0¢) = ___Q_ + B_a_ (27)

max max h2 2h

(cg)

Applying (ﬁa,ﬁa) restores the shell to its initial spherical shape,
but its initial radius, a, is decreased due to the application of
p (Section 2.1.2). All subsequent deformations of the shell are
measured with respect to its shape after the application of p and
the minimum-stress boundary conditions, i.e.,

¥y 0 |
a (28)
Ou 0

after these conditions are applied. In most subsequent work, it

is assumed that the decrease in the shell's initial radius due to
the application of p is negligible. This decrease is included in
the printed output of the computer program so that it can be com-
pared to subsequent horizontal displacements of the edge.

4. Equations (18) are used to compute the stress distri-
butions over the shell resulting from the prescribed
edge deformation {Vq,8¢} (Section 2.1.2). These stress
distributions are unrelated to the minimum-stress
boundary conditions. Usually, the reduction in the
shell's radius due to p is negligible. If it is not,

a small adjustment in the prescribed value of 64 is
made to account for this reduction.

5. Each uniform stress calculated in step 3 is added to
the corresponding stress distribution calculated in
step 4.

Step 5 provides the tensile and compressive stress distributions
from which the maximum values are obtained.

The value of the prescribed edge deformation {Vg,64)} depends
on the edge conditions. The effect of a uniform temperature ele-
vation on a shell with a fixed edge (displacement and rotation) can
be fully accounted for by setting 64 equal to the horizontal dis-
placement of the shell's middle surface which is prevented by the

17



fixed-edge boundary conditions. For example, if a uniform temper-
ature elevation implies that the unrestrained middle surface of
the shell would expand horizontally by 0.030 inch, the fixed-
boundary conditions imply that the shell is subjected to a dis-
placement, 8,5, of -0.030 inch. Reference 1 contains other examples
of how edge conditions can be applied by adjusting {Va,sa}. Fre-
quently, the edge conditions are prescribed by {Mg,Hq)}rather than
{Va,60}. When this is done, {V,,8y)} can be obtained from Eq. (21).

2.2 Computer Program

A computer program was written that calculates the maximum
values of the tensile and compressive stresses occurring in spher-
ical shells. The program begins by using the boundary values
(Mg,Hy) or (Vg,84) to calculate °6(¢i) and o¢(¢i) for i = 1,2,...1
Equations (18) and (26) are used to do this. Next, the thermal
moment is calculated using Eq. (3), and the pressure stress,op, is

max’

calculated using:

cp = - %% . (29)
The thermal stresses are calculated using:
6Mt

%, lower surface = h2
(30)

= 6Mt

9t, upper surface 12

The total stresses at colatitude angle ¢ and on the upper

i’
surface of the shell, are calculated using

t
(¢.)

“ ,upper surface (?j) = %e(?)) + ¢ +

ag
P t, upper surface

ot (9.)

(31)
¢,upper surface “'i T (95) + ¢ ¢

o
p t, upper surface

The total stresses at ¢i’ and on the lower surface of the shell, are

18



calculated using

t
(6;) =0p(9;) + o + o

o
9, lower surface i t, lower surface

¢ (32)

%9, lower surface

(¢.)

i %(?;) * % * °

t, lower surface

The program determines the maximum tensile and compressive
stresses in the shell by selecting the maximum and minimum values
from the total stresses:

t
09, upper surface (¢i)

t
°¢, upper surface (¢i)

i= 1’2""1max (33)

t
o6, lower surface (¢i)

t
°¢, lower surface (¢i)

2.2.1 Computer Program Inputs

The following variables are required by the computer progarm:
Shell height in inches [HH]

Edge diameter in inches [B]

. Shell thickness in inches [H]

Young's modulus in psi [E]

Poisson's ratio [PR]

Hh O A0 O P

Coefficient of thermal expansion in (centigrade degrees)-JL
[ALPHAT]

g. Pressure difference across the thickness of the shell in
psi [PRESS]

h. Temperature difference across the thickness of the shell
in degrees centigrade [GRADT]

i. Horizontal edge displacement, §,,[DZ]




Edge rotation, Vg, [DV]

Number of colatitude angles, ¢, at which the stresses
are to be calculated [IPHI]. The maximum value of IPHI
is 101.

In addition to this basic list, the user has the following options:

=

a. The geometry of the shell can be defined by the colatitude
angle of the edge and the shell's radius rather than the
shell's height and edge diameter [controlled by IFIX].

b. A sequence of values of the horizontal edge displacement,
54, and edge rotation, V,, can be accommodated during one
cxecution. Consequently, a matrix of combinations of Vg
and 6, can be accommodated. The number of different values
of Vg is specified by JPMAX, and the number of different
values of 84 1s specified by IPMAX. The incremental value
of Vo, is DVZ, and the incremental value of &6gis DDZ.

c. (Mg,Hy) rather than (Vy,84) can be specified. The program
does not accommodate a sequence of values of either My oOT
Hg. ,

All of these variables are discussed further in Section 2.2.5,
which gives a card-by-card description of the data deck.

2.2.2 Computer Program Output

The complete output of a sample problem is given in Appendix
B. This output consists of three pages, and most of the labels
are self-explanatory. Further explanation may be appropriate in
the following cases:

SIGMA(P) is the stress throughout the shell due only to the
pressure, p; it is positive in tension.

HOR. MEM. FORCE is the horizontal component of the membrane
force, Ng, at the edge of the shell due only to the pressure,
p; it is positive inward.

DELTA(P) is the horizontal displacement of the edge of the
shell due only to the pressure, p, when Hy is zero. DELTA(P)
is positive outward.

THERMAL MOMENT is the uniform thermal moment throughout the
shell due only to the THERMAL DIFFERENCE, AT, across the
thickness of the shell.

SIGMA(T) is the maximum thermal stress experienced by the
shell due only to the THERMAL DIFFERENCE, AT. This maximum
stress occurs at the inner (compression) and outer (tension)
surfaces of the shell.

20




The program requires that the shell's support conditions be
specified in the input data. The required support conditions are
either (Mg,Hq) or (Vg,84). If (My,Hy) is specified in the input
data, the calculated values of V, and 84 are printed. Alternatively,
if (Vg,84) is specified, the values of My, and H, are printed. The
printed outpUt states that support conditions were specified in
the input data and were obtained by using Eq. (21). The support
conditions (Vg,84) are also the shell's rotation and displacement
boundary conditions; the support conditions (Mg,Hy) are, however,
not the shell's moment and horizontal membrane force boundary
values. Hg is the horizontal force at the edge of the shell ex-
clusive of the horizontal force reacting against the membrane
force induced by the pressure difference [Eq. (23)]. Mg is the
difference between the total edge moment, M, and the edge moment
that effects the minimum-stress boundary conditions [Eq. (25)].

For example, if T # 0, and the edge is free to rotate, the boundary
value of M is (M)¢=a = 0 whereas My = 'Mthermal' If (M)¢=a =0 =
Mihermal® then My = 0, Regardless of which pair of variables is
specified in the input data, the shell's stress distribution is
determined by using (V,,8,). Sometimes it is simply more conven-
ient to enter (My,Hy) rather than (Ve»84); an example is the free-
edge boundary condition mentioned in Section 2.2.3. The remaining
variables on the first page of printed output [C,GAMMA,LAMBDA,C1,
C3,K1,K2] are intermediate results that are useful if one wishes to
check hand calculations.

The data on the second page of the printed output give the
values of the following variables as a function of the colatitude
angle, ¢:Q¢, Vo,Ng,Ny, My, Mgy, and 6. The data on the third pages
give gy and op on the top and bottom surfaces of the shell as a
function of the colatitude angle,¢. The maximum and minimum values
of all these stresses are printed at the bottom of the third page.

If several cases are submitted at the same time, the output

corresponding to each case is printed sepafately.




2.2.3 Computer Program Validation

The computer program was validated by checking the program's
results against sample data given in Ref. 1 and the results of
hand calculations. The two cases of sample data obtained from
Ref. 1 are given in Figs. 7, 8, and 9. Figure 7 shows ¢, and d¢
‘at the top and bottom surfaces of a spherical shell subject only
to a pressure'difference across its thickness. The boundary con- -

ditions are (Fig. 10):

Hge = - B% cos a, Mg =0 (34) .
40 T T— l | — u
: | p=1psi \
BRI R . V*SE
h = 3 inches
| 7
30 ) | \ \\ !‘ggg;/’v -
\ | | \\\"l ¥ 7a’= 90 inches
\ \

| / |
20 {— \ | \<{/ —

Meridional Bending Moments, M, (in.-1b/in)

¢ (deg.)

Fig. 8, '"Exact' and approximate data from Ref. 1 for fixed-
edge boundary condition.
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@ (degq.)
Fig. 9. "Exact" and approximate data from Ref. 1 for fixed-

edge boundary condition.
[le-1-3287]
The edge of the shell is free to

expand and rotate as a result of

p\lj P
the uniform pressure, p, until \\\ \\ // ’//

the edge support of the shell ex- l/////,/”—_————“~\\\\\\\)//
erts only a vertical force on the \\\

shell (Ref. 1). The data given

in Fig. 7 are for an "exact" so- ﬁy

lution, not the approximate solu- Fig. 10

Free-edge boundary
tion obtained by the computer pro- condition.

gram (Section 2.1.2). The data given in Fig. 7 are in agreement
with the computer program's output to within one percent over the
range, ¢ > 7.5°. For ¢ < 7.5°, the lack of agreement between
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the approximate and "exact' solution can be accounted for by the
nature of the approximate solution. Figures 8 and 9 show values
of Mg and Ny for a different spherical shell, again subject only to
a pressure difference across the thickness; the boundary conditions

are now (Fig. 8):
6p=0, Vi, =0 (35)

In this case, the approximate solutions for Mg and Ng are shown
along with the "exact'" solutions. The agreement of the published
approximate solutions and the calculated approximate solutions
was within 1/2 percent over the entire range of the colatitude
angle (0 to 35°). No published solution was found for a shell
subjected to both a uniform pressure and temperature difference
across its thickness. Consequently, the edge conditions [Ngs. Mg, 041
for a silicon carbide shell with differences (p,AT) equal to
(60 psi, -222°C) were calculated by hand and are in satisfactory
agreement with the output of the computer program. The calculation
was for the free-edge boundary condition shown in Fig. 10. The
input data were:
HH 1.8 inches
B = 12 inches
H = 0.25 inch

E = 5.4 x 10’ psi (36)
PR = 0.10 '
ALPHAT = 5.6 x. 107% per °cC
PRESS = 60 psi
GRADT = -222°C
H = -2.73 x 10*2 pounds/inch
M = -3.88 x 10%2 inch-pounds/inch

The temperature difference across the shell is negative;
this is immaterial to the purpose of comparing machine and hand cal-
culations. Hy is obtained from Eq. (29) and My from Eq. (5). Ne-
glecting uniform pressure and thermal'stresses, the following
results were obtained:
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+3

(N9)¢=a = -3,16 x 10 pound/inch

Mp),_., = -9.35 x 10+1 inch-pound/inch
blp=cx

(N9)¢=a 6(M6)¢=a

°g,upper edge h 12 (37)

= -3.5 x 10° psi
(Nglg-a 6(Mglg_,

%,lower edge “h 12

= -2.5 x 10% psi

Superposing the values of % and T

0y = - P2 - 1.3 x 10*3 psi (38)

= -3.73 x 104 psi
4

%t, upper edge

o = 3.73 x 10" psi

t, lower edge
on these values of ¢4, the following final results were obtained:

- - 4
%, upper edge 4.23 x 10.4 P‘Sl (39)
%, lower edge = -1.44 x 10" psi

The negative temperature difference across the thickness of the
shell illustrates an interesting result. Using Eq. (21) to cal-
culate éa, the horizontal displacement at the edge, H, is found to
contribute to opening the shell at its edge by an amount equal to
1.14 mils, and Mgy to closing the shell by an amount equal to 2.55
mils. The net result is a negative horizontal displacement of
1.4 mils; i.e., the thermal effect dominates the pressure effect.

In the case of a positive temperature difference, the thermal and
pressure effects each contribute to opening the shell.




2.2.4 Advantages and Disadvantages of Computer Program
With Respect to Finite-Element Programs

The advantages of the computer program written in connec-
tion with this investigation include its very low cost of execu-
tion and the simplicity of its input data. The cost of obtaining
output for one case is about ten cents. Only eleven input vari-
ables are required to execute an unlimited number of cases. This
makes the program ideally suited for parametric studies.

The disadvantage of the program is that spherical shells
with either a nonuniform thickness or temperature distribution
cannot be considered. NASTRAN is an example of a finite-element
program that permits these nonuniformities to be considered.

2.2.5 Card-by-Card Description of the Input Data Deck

Card 1

READ(5,2) IPMAX, JPMAX, IFIX FORMAT(1015)
IPMAX is the number of different values of 6,, the horizontal dis-
placement of the shell at its circular edge, for which the program

will calculate stress distributions.
JPMAX is the number of different values of V,, the angular dis-
placement of the shell at its circular edge, for which the pro-

gram will calculate stress distributions.
Card 2

READ(5,1) HH,B,H FORMAT (4E15.4)

HH is the height of the shell in inches, B is the diameter of the
circular edge of the shell in inches (Fig. 4).

H is the uniform thickness of the shell in inches.

Card 3

READ(5,1)VZ,DZ,MOMA,HZTL,DVZ,DDZ
FORMAT (4E15.4)
Vi is the initial value of V,, the angular displacement of the




shell at its circular edge, in radians. The program calculates
first a stress distribution for Vy = VZ, and then repeats the
calculation for increased values of Vo if required. The number
of different values of Vy is specified by JPMAX; the program cal-
culates the values of V according to V=VZ+(I-1)*DVZ where I=1,
JPMAX.

DZ is the initial value of by, the horizontal displacement of the
shell at its circular edge, in inches. The program calculates
first a stress distribution for 64 = DZ, and then repeats the
calculation for increased values of 64. The number of different
values of by is specified by IPMAX; the program calculates the
values of 8y according to 6y = DZ+(I-1)*DDZ where I=1, IPMAX.
MOMA is the value of the edge, moment, My, in inch-pounds/inch.
HZTL is the value of the horizontal force, Hqy, at the edge, in
pounds/inch.

Note: Only (VZ,DZ)‘or (MOMA,HZTL) should be specified. The un-
specified pair should be set to (0.,0.) in the input data. The
value of the unspecified pair is calculated by the program using
Eq. (21), and the results are printed.

DVZ is the incremental value of V4, the angular displacement of
the shell at its circular edge, inradians. The program calculates
a stress distribution for an initial value of Vo, and for successive

increments, DVZ.

DDZ is the incremental value of §,, the horizontal displacement of

the shell at its circular edge, in inches. The program calculates
a stress distribution for an initial value of §, and for successive

increments, DDZ.
Card 4

READ(5,1) PRESS FORMAT (4E15.4)
PRESS is the uniform pressure difference across the shell, p, in
psi. A positive difference means the greater pressure acts on

the upper surface (Fig. 2).

27




Card 5

READ(S,1) GRADT,ALPHAT FORMAT (4E15.4)
GRADT is the uniform temperature difference across the shell,

AT, in centigrade degrees. A positive difference means the lower
surface is hotter (Fig. 2).
ALPHAT is the thermal expanSion coefficient of the shell material

in (centigrade degrees)-l.
Card 6
READ(5,1) E, PR FORMAT (4E15. 4)

E is the young's modulus for the shell material in psi.
PR is Poisson's ratio for the shell material, no units.

Card 7

READ (5, 2) IPHI FORMAT (1015)

IPHI is the number of values of the colatitude angle, ¢, for
which the program will calculate moments and stresses. The
program extracts maximum values of the shell's tensile and com-
pressive stresses from the set of stresses calculated for the
IPHI values of ¢:

o ’ 2& ,o’n.-o,(IPHI-l)a,
IPMI TPHT TPHI

where a is the colatitude angle of the shell's circular edge.




5.0 RESULTS
5.1 Stress Distribution

Calculations were performed for shell thicknesses in the
range from 1/16 to 1/4 inch and shell edge diameters from 6 to 36
inches using properties representative of Norton silicon :
carbide material. An example of the combined pressure and thermal
stresses in a 1/8-inch-thick, 12-inch-diameter, hemispherical, silicon
carbide shell with free edges as described by the analytical treat-
ment is shown in Fig. 11. Variations in dome compressive and tensile
stresses as a function of colatitude angle,¢, are illustrated and
show that a maximum hoop stress of 09t0p = 9000 psi occurs in this

example on the outside of the shell at its edge, ¢/¢max = 1. An
VT | T T I l T T
\% |
8 soriom + COMPRESSION
%
BOTTOM

—_ t
2 P . |
8 .lf‘ Sror } TENSION
o o,
= Proe
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t=1/8"
AT/t = 400°C/Inch
P=4 ATM
0
0 02 03 04 06 07 08 09 10
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¢/ ¢MAX

Fig. 11. Combined pressure and thermal stresses in a 12-inch-
diameter, hemispherical silicon carbide shell with free edges.




example of the combined pressure and thermal stresses in a similar
but shallower shell is shown in Fig. 12. The edge diameter is
again 12 inches, but the height-to-edge-diameter ratio is now 0.2,
and the shell's radius is 8.70 inches. Otherwise this example is
the same as the previous one.
There is a substantial increase in the horizontal component
of the membrane force at the edge of the shell, and the stresses
are now more severe. The stress distribution is shown in Fig. 13. .
Again, the maximum stress is a hoop stress occurring along the

40 T T Y T T T | Y
oo, 10p b = 12 inches ®max * 43.6 degrees
32 Tension } 8 ' —
) oy, top . .
comoression |0 " bottom g = B70 inches hypx 0.2
P {94 bottom ,
t = 1/8 inch p = 4 atmospheres
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- At/t = 400°C/inch
2
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S e | —
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o ———

— _=—’ ‘— -
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~
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K ey
t
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-16 | | | | | 1 | 1 \

0.1 02 03 0.4 05 06 o7 0.8 09 1.0
THERMAL STRESS (¢/9p,,)

Fig. 12. Combined pressure and thermal stresses in a shallow
12-inch edge-diameter shell.




upper edge of the shell. 1In this case, the maximum stress is
28,000 psi. The results of applying the minimum-stress boundary
conditions to similar shells of varying depth are shown in Fig. 13.
When the minimum-stress boundary conditions are applied, the stress
distribution is uniform over the surfaces of the shell, i.e.,

OpT and ap are independent of ¢ (Section 2.1.1). The thermal
stress,qAT, has a linear profile along a radius of the shell, and
reaches its maximum tensile and compressive values at the outer

and inner surfaces, respectively. In Fig. 13 the ordinate—maxi-
mum stress—is the tensile stress at the outer surface of the family
of shells of varying A.

In Fig. 13 the depth of the shell is characterized by the

T I T T |
'\{3\
Gb—%—.
b = |2 inches
t = I/8 inch
p = 4 atmospheres
20 }— A . % i -
A} = 400°C/inch TEMPERATURE | . i
DIFFERENTIAL Fig. 13. Silicon car-
F 0 STRESS -1 bide spherical shell
g' Ot stresses as a function
of shell depth for the
§ \ COMBINED STRESS minimum-stress boundary
§ ° AT p condition.
x
7 ----——_-_---""“-\\ PRESSURE STRESS
3
3 -0 %p —
i
2
~20 — h —
0504 03 02 ol = —b—' DOME GEOMETRY
-30 IT T | T | T | | |
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variable

A = (40)

a0

which is nearly equal to the variable Ao appearing in Eqs. (18);
A and xo differ by a factor of about 1.3 depending on the value
of Poisson's ratio. The tensile stress corresponding to the min-
imum-stress boundary conditions decreases as the shell becomes
shallower. The reverse is true for the free-edge boundary con-
dition. 1In the former case, the membrane stress always acts to
reduce the thermal tensile stress, and in the latter case, the
horizontal component of the membrane stress increases as the
shell becomes shallower. The horizontal component of the mem-
brane stress acts to open the shell, and the resulting deformation
increases as the shell becomes shallower.

3.2 Maximum Stresses for the Free-Edge Boundary Condition

Maximum tensile stresses for the free-edge boundary condition
were determined for a range of shell depths. These maximum stress
levels were obtained from calculated stress distributions similar
to those shown in Figs. 11 and 12. The results are shown in
Fig. 14; the depth of the shell is again characterized by A. The
maximum pressure stress, Y and the maximum temperature differ-
ential stress, ONT?
maximum stress, OAT,p"
do not necessarily occur at a common colatitude

do not necessarily add to equal the combined
This is because the maximum stresses op,
OpT> and GAT,p
angle, ¢; also, each of these maximum stresses corresponds to quite
different (AT,p) conditions (as indicated in the upper left-hand
corner of Fig. 14). The pressure, p, acts to open the shell and
produce positive (tensile) stresses at the inner surface of the
shell.
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Fig. 14. Silicon-carbide, spherical-shell maximum stresses as a function
of shell depth for the free-edge boundary condition.

3.3 Comparison of Maximum Stresses for Different Boundary
Conditions

Maximum stresses in silicon carbide domes over a range of
thicknesses and edge diameters are shown in Table I for two

boundary conditions.
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Table I
Maximum Stresses in Different SiC Spherical Shells

SHELL EDGE ] SHALLOW SHELL
THICKNESS | DIAMETER HEMISPHERICAL SHELL (h, /b) = 0.2
(inches) (inches) Clampedt Free (Trolley) Clampedi Free (Trolley)

(psi1)
6 +2400 +3900 +1950 +24,000

1/16 12 +1000 +2500 - 100 +64,300

36 -4900 nc -8800 nc
6 +9700 +10,000 +9400 +15,500
1/8 12 +6500 +9000 +5950 +28,700
36 +3900 +5800 +1700 +118,000
6. +15,700 +20,500 +15,400 +20,000
1/4 12 +14,600 +20,000 +14,300 +24,900
36 +12,800 +19,000 +11,900 +54,500
* Ratio of dome mid-height to span. + No edge deformation. Minimum-
+ Tensile stress. stress boundary conditions,
- Compressive stress. Vo and 64, both equal zero.

nc Not calculated.

3.4 Limits on Edge Rotation and Displacement

Stress distributions were also calculated for a range of
edge deformations. Vg and 6y were assigned values between s
milliradians and 5 mils, respectively. The computer program
[Eqs. (18)] was used to calculate the resulting stresses. The
results showed that combined deformations of the order of -1
milliradian and ¥1 mil produce a maximum tensile stress of the
order of 30,000 psi in the 12-inch edge-diameter, silicon carbide
shell discussed in Section 3.3. This result is only moderately
affected by the depth of the shell and the thickness of the shell
[as long as the temperature difference across the shell is un-
changed]. The reader is cautioned that this is an approximate
result. Positive values of Vg and 6 of less than 1 milliradian
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and 1 mil will produce a maximum tensile stress in excess of 30,000
psi. Furthermore, this approximation does not include the stresses
associated with minimum-stress boundary conditions. For complete-
ness, the uniform stresses corresponding to null values of Vo and
6y should be added to the stresses induced by any edge deformation
(Section 2.1.3). These uniform Stresses can act to increase or de-
crease resulting maximum tensile stress. The computer program is
available to investigate specific cases. ‘

4.0 CONCLUSIONS

The principal conclusion of this work is that it is possible
to maintain the maximum tensile stress in a silicon carbide shell
below an acceptable 1imit during the application under considera-
tion. This application consists of using the shell to transfer
heat from a solar radiation cavity-receiver to air impinging on
the shell's outer (convex) surface. This conclusion applies to
a nominal spherical shell whose thickness is 1/8 inch and whose
edge diameter is 12 inches or less.

Minimum-stress boundary conditions exist when there are
no edge deformations. Then the temperature of the middle surface
of the shell is uniform, and its shape remains spherical. Under
these circumstances the maximum tensile stress in the nominal
shell described above is of the order of 10,000 psi. The com-
puter program described herein can be used to calculate the max-
imum tensile stress occurring in a spherical shell of any dimen-
sions (except very shallow or unstable shells). This computer
program calculates the constitutive stresses arising from: (1)
pressure and temperature differences across the thickness of the
shell, and (2) edge deformations of the shell.

One approach to the design objective of achieving the
minimum stress conditions consists of using a hemispherical shell.
In this case, the free-edge boundary conditions do not produce

edge deformations which introduce additional stress. However, the




maximum stress occurring in a hemispherical shell is larger than
the maximum stress occurring in a shallower shell (for the same
edge diameter, shell thickness, etc.). This suggests that it is
advantageous to use a shallow shell provided edge deformations can
be suppressed. The higher membrane compressive stress of shallower
shells results in a lower maximum tensile stress unless stresses
introduced by any edge deformations negate this improvement. It

may be possible to introduce a clamp at the edge of the shell that
accommodates changes in the edge diameter [as a result of the

diurnal temperature cycle]. The success of such a clamp depends
on how well it maintains the spherical shape of the shell through-
out the diurnal temperature cycle.
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Appendix A -
Computer Program Listing

The computer program discussed in Section 2.2 is as follows:

c PFOGRAM DOMF (ONTPTIT,TAPE21,INPHT, TAPES=INPUT, TAPEG=0UTPUT) BOMOG0 10
COMMON/QQ/% ,A,LAM,AA,PRA, A,K1,K2,C1,C3 nOM0O0 029
DIMENSION THRTAP (101) ,THETAM (101) ,PHIP (101) ,PHIM (10 1) POM0O0N30
COMMON/VE/A 11,812,822 DOMODO KD
COMMON/SC/ADUY (4014) : nOMONASN
ROUIVALENCR (ADIM (1) ,THETAP (1)), (ADUM (102) ,THE" AM (1)), NOMOOGED

1 (ADUM(203) ,PHTP (1)), (ADAM (304) ,PHTN (1)) NOMOHNT0
DIMENSTON 0 (101),V(101) ,NP(107),NT (107) ,¥P (101) ,HT(101),DL(101), DOMNONDS?
1 211(101) COMO0090
RFAL MOMT noM0D 109

REAL NP,NT,MDP,MT
RFAL TAM,K1,K2,MOMA
1 FORMAT (4F15.4)
2 PONMAT (1015)

PoOMOc110
nOMOD 120
ngcunNnNI20
BoMO0 140

IGRAD=0 nOM U0 180
nT=3,14159265 DCMOD160
PT2=DPT*0.5 neMoCc170
BPSL = 1,.7-6 DONND 120
CRDFG = 1A0./PT poMOn190
CDEGR = 1./CRDRG nOXN0 200
HZTY=0. neMN0210
MOMA=0, POMON 220

. WPTTE(6,601) _ noMN0 230
601 FORMAT (TH,////, 15%, 2SHESX a4k aheRa AR # R ARR R, noMO 0240
1 //,20%X,15HSPHRRTCAL DOME ,//,20X, nOMO0 250

2 1SHSTRFSS ANALYSIS,//, 15X, 250% Sk e aaasassbtnastnahtsn, / /) DOMNO2 A0

. c nOM00270

C WHEN READ (HH,B) CAN RE ETTHFR (HFTGHT,DIAMR®TER OF CTRCULAR ®DNGF) POMNN280
C OR (ANGLE ALPHA IN DEGREES,SHELL PADINS) : nOMN 0290
c - : , nemMon 300
. PEAD(5,2) IPMAY,JPMAX nOMON 310
PPAD(5,1) HH,?,H : : DOMDO320

RRAD (5,1) V7,D%,MOMA,HZTL,DVZ,DDZ neM00330

READ (5,1) PRESS TOMON 240
RFAD(5,1) GRANT,ALPHAT POYO0 350

READ (5,1) E,PR nOMNN3ICO
READ(5,2) IPHI neMn0 370

IF (HH.T.T.10.) S0 TO 880 naMon 30Q
HH=HH*CDEGR noMnniIen
XR=2,*DkSIN (HH) noMnoano

HH=B* (1.-COS (#H)) nOMONEG 10

. B=XR noMONU20
840 CONTINUR DOMO0 410
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naoaoann

Qaan

nan

DO 1001 IPM=1,IPMAY

NZ=DZ+NNZ

IF (IPM.GT. 1) V7=V7-DVZ*FLOAT (JPMAY)
DO 1002 JPM=1,JDMAX o
VZ=VZ+DVZ :

WRITE (6,501)

501 FORMAT (1H1)

HH TS HFIGHT

B IS DTAMETER OF CTRCTLAP FEDGE

H TS THICKNESS
WRITE(6,201) HH

201 FORMAT (10X,21H HEIGHT =

WRITE(A,203) B
207 FORMAT (10X,21H
WRTITE(6,205) ®
205 FORMAT (10X, 214

CALCULATE RADIOS, A,

X=R%0.5/80
CA2=ATAN (X)
A2=PI2-CA2
AR=2.%1A2
A=B*0.5/SIN (AR)
WRITE(6,204) A
204 FORMAT (10X,210
AA = AA*CRDFG
WRITE(6,202) ARA
AAL = AA*CDEGR
202 FORMAT (10X,21H
WPITE(6,206) ¥
206 FORMAT (10X,214
WRITE(6,207) PR
207 FORMAT (10X,210

EDGE DIAMFIEER

SHELL THICKNFSS

AND ANGLE ALPHA,

SHFLL RADIUS

ANGLE ALPHA

. YOUNGS #MODULUS

POISSONS RATIO-

' 'FS. 2

,P5,2
,FE.2

AA.

+F5.2

L FS5.2

,17H
, 178

174

178

»17H

, 1PE10.3,05H

'Fr.z

CALCULATE ELASTIC AND GEOMFTRICAL CONSTANTS

REH=1. / (E*H)
PRS=PR*PR
X1=1.-PES

X=3. %X 1% (A/H) *%2
LAN=SQORT (X)
LAM=SQRT (LAM)

XPR1=(1.-2.%PR) %0.5/LAMN
XPR2=(1.42.%PR) *0.5/LAN
D=E* H**3/(12,%*X1)
WRITE(6,901) PRFSS °

,178

n5T)

INCHTS
INCHES

INCHES

INCHES

DEGREFS

NO TINITS

noMON L0
romonuso
POMOOUED
no4NauTn
lel ReTO R R
noOMO0uan
no%onson
pOYMNO510
noMdna&2n
nOMNN 53D
NCMOO %40
noMoNsSs0
pDOMONS6HD
ECMODRTO
poOMNNsSan
noMNNsan
noMoOnNeEnon
noMoNeE1D
DOMOOE20
noM00620
nOMONAU40
nOMON 650
DOMODDENLD
DOMOOKTO
nocMON6Ge0
nOMO0ORA0
noMoo7?Hon
noMon710
noM00720
noMnon73in
noMon740
noOMO0 750
noMONTaD
ncMoo7170
noMON7R0
noMoon7ad
DCMODRND
nOMONAR1D
noMnNQe320
DOMO0230
noMO0ORL0
DOMO DRSO
DOMONRAD
neMeNA?0
noMnNoAg0
BOMOORID
noMnn90o
nomoona1in
nomon92n
noM0ooa3ln




C

901

902

RO

907
801

202

805

8013

FORMAT { 10X, 20H PRESSUFE = ,F6.2
RCPH=1./R

SIGMA=-PRESS*A*RCPU*0. 5

WRITE(6,902) SIGHA

FORMAT (10X,21H STGMA(P) = ,1PF10.

HWFCE=PRESS*A%0, 5%COS (AA)
AMFC=~HMFCE

WPTTR(6,806) HMFCE
FORMAT (10%,214
NELP=-DRESS*A*A* (1, -PF) *SIN (AA) *0.5%R FH
WRITE (6,807) DELP
FORMAT (10X, 214
WRITR(6,801) GRADT

DELTA(P) =

PORMAT (10X, 21HTHERMAL DIPFERENCE = ,1PR10.
WRTTE(6,802) ALPRAT

FNRMAT (10X, 21HTHFRMAL CO®P. EXP. = ,1DPF10.
THRM ==-ALPHAT*GRADT*D* (1. +DPR) *RCDH
WRTTIE(6,805) THRM

FORMAT (10X ,21H THERNAL MOMFNT = ,1PR10.
SIGT=6.*THRY ¥ RCOU*RCPR

WRITE(6,803) SIGT

FORMAT (10X, 214 SIGMA(T) = ,1PE10.

1/,43X,48HSIGMA(T) IS BASED ON 1HE THERMAL DIFFERENCF OWLY,
2/,43%,S4HSTGHA(T) TS NEGATIVF ON THE INSTDE SURFACE OF THE nONE,
THE OUTSIDE SURPACE,/)

3/,43Y,35HAND DPOSITIVE ON

HOR. MEM. FORCE = ,1PF10.

,1PE10.

L1171

3,178

3,174

3,174
3,174
3,17n

3,178

3,178

CC T°HY IS THFE NUMBER OF COLATITODE AHGLES AT WHICH
C TAE STRESSES ARF RFQUIRED,

c

c

é CALCULATE EDGE DISPLACEMENT AND ROTATION IF REQUIRET,

c

251 FORMAT (10¥,21H

" XPHI=AA/FLOAT (IPHI)

SINAL = SN({ARA)

COTA = COS(AA)/STNAL

K1 = 1. =XPR1*COTA

K2 = 1, =-XPR2*COTA

RK1 = 1. /K1

SK = K24RK1

RTHR1 = REH*RK]

A11 =4, *LAMXXI*RFHK1 /A

A12 =2, *¥LAMXLAM*STNAL#RFHK1
A22 =~LAM*A*STNAL*SINAL*REH*SK

psSY

nST

L3S/TNCH

INCHES

)

CENTIGPANE DFGS)

PEF CPENT.

TNCH-LRBRS/TNCH

pSI

IP((ABS(HOMA).LT.FPSL).!ND.(ABS(HZTL).LT.EPSL)) T23C=1

IF (IBC.EQ.1) GO TO 21
WRITE(6,251) NMOMA
EDGE MOMPNT =

13X,29H(POSITIVE MOMENT OPENS SHELL))

WRITE(6,252) HZTIL

39

»1PE10.

3,15H

INCH-LBS/TNCH,

)

)

nNOMOND34UN
DOMO0N95D
noMONgR0
DCM00970
noMNN 920
nomMnoa9aao
noMn 1000
noun1010
noMe 1020
nCMO1030
noM0 104N
noOM0 1050
noM0104D
BoOMO1070
NOMO10R0
DOMN1099
noMO 1109

nOMO 1110
noMN 1120
neMo 1130
noMoT14an

o /DCM01150

DOMO 1160
nOMN1170
TCM0 119D
noMN1190
DOMD1290
nOMND 1210
nOMO 1220
noOMN1230
DOMN 1240
nOMN 1250
DOMDI1260
neMN1270
DCMO 1280
noMo 1290
pONN 1300
ToM0 1310
DOMD 1320
noMN133n
noM0 1340
DCeMN 1350
NOMN1IED
noMO1370
DCMO 1382
noOM0O1390
pOMO 1400
DoOMO 1419
DOMO 1420




252 FORMAT (10X,”?1H HORTZONTAL FOFCE = ,1P®10.3,15H LBS/INCH v noMn1430

18Y, 17H (POSITIVE INWAED)) ‘ rOM01440 .
VZERO = A11#MOMA + A12%UZTL ' noMO 1450
DZ®RO = A12%*MOMA + A22#%HZTL ‘ noMN1460
V7 = VZERO ' nOMO 1470

D7 = D7EPRO - nNOMO 1400 -
21 CONTINUR noMO1450
VZMR=1000.*V7 L _ DO%M01500
WRITE(6,253) VZMR ' ' nOMN1510
253 FORMAT (10YX,21H FDGF ROTATION = «1,5%, 151 MILIITADTANS , nOMD1520
19Y,320H({POSITIVF POTATTON CLOSF’ SHWLL)) no¥H 1530
NZME=1000, *N% ) _I0M0 154N
WPTTR(G, 25u) D7MR DO¥0 1550
254 FORMAT(10¥,21H EDAF DIaPLACEHPVT = ,P5.1,5X,150 MILS ,  DOMNISED
19%, 18q(°osr"1vw OTTWARD)) AR D)
IF (IBC.®Q.1) CALL VFRT(VZ,DZ, MONT, HORF) nOM0 1580
CALL BDRY(VZ,DZ,C,GAM) neM01590
COEFRQ=C : nOMO 1600
COFFV=C%2,  *TAM¥LAMEREN* (~1.) nOM0 1410
COFNP=C v neMA1E20
. COENT=CXLAMX0,5 nOM0O 1630
PRTLAM=DPR*LAM TOM0O 1640
CTA=C*A nNOMO1450
COEMD=CTA*D.5/LAY BOMO1E60
CORMT=CTA%0.25/PRTLAM nOMNO 1670
COEFD=CTA®R FH*LAM noMN16Aa0
DO 20 I=1,IPHI DOMNO 1G]
YI=1 ‘ DOM01700
PHI (I) =XPHIX*XT PoMnN17190
PST=AA-THI (T) ) nonn 1729
CTPSI=COS (PST) ‘ no¥n1730
SPS =SIN(PST) naM01740
CTPAT=C0S (PRI (T)) novwn17Sn
SPHI=SIN (PHI(T)) . noMN17¢0

CTPHI=CTPHI/SPHI nOM0 1770 g
K1=1.-YXPR1%CTPHT . , coMnN178an
K2=1.-XPR2*CTPHI neM01790
FMPSI=FXP{-LAM*PSTI) no%H12019
ERSIN=EMPST/ (SORT (SPHT)) : v DoOMN1310
YARG=LAM¥DNST+GAN . COM0O1320
ST=SIN ( XARG) neMO1330
CF=COS (XARG) nOMNI8LN
o(I) = COEPO*FPSIN*SF TOMO 1850
V(T) = CORPVXERSTIN*CF DOMOIRED
NP (T)= CORND*ERSIN* (-1, )*CTPHI*SF ' CoMD1870
NT(I)= COPRNTH*ERSTN*(2,%CF-{K1+4K2) *SF) POMN 1880
MP(T) =CORMPXERSTIN* (K1*CF+SF) . NCMN1890
MT (I)= COFRMTHERSIN* (((1.+PRS)*(K1+K2) =2%K2) *CF+2, *XDRS*ST) noMo1900

DL(T) =COEFN*ERSIN*SPH* (CF-K*SF) naMn1910

40




s Ee s Ke!

211
212
213
700

701
702
701
T04
705
677
301

316
315

CAL
OF

333

20 CONTINT® noMN1920
WRITE(6,213) POMNO 1930
WRTTE(6,211) C noM0 1940
FORMAT (10X, 21H C = ,1PF10.3,17n 1PS/IKCH ) TOMO01950
WRPITE(6,212) GAM ' NCMO 1960
PORMAT (10%,21H GAMMA = ,1PR10.3,17H RADTANS ) DOM01570
WRITR(6,213) NCMC1980
FORMAT (//) neMO 1990
WPTTE(6,700) noMN2000
FORMAT (10X, 1SHOTHER CONSTANTS) nOX02010
WRIT® (6,213) nOMD 2020
WRITE(6,701) LAN _ roM020130
FPORMAT (10X, 214 LAMPDA = ,1PR10.3,18H RADTANS % (= 1)) DOMN 2040
WETT®(6,702) C1 NOMN205)
FORMAT (10X,21H c1 = ,1PR10.3) DOMO20E0
WRITE(6,703) C3 nomMn2070
PORMAT (10X ,21H c3 = ,1PE10.3) nCM0N2080
WRTTE(6,704) K1 nOM02090
PFORMAT (10%,21H K1 AT EDGE = ,1PF10.3) noMn 2100
WRITRE(6,705) K2 POMN2110
FORMAT (10X, 2111 K2 AT ®DGE = ,1PF10.3) noMO2120
WRITF(6,677) noM0N 2130
FPORMAT (1H1) DCMO 2140
WPITR(6,301) nCMO 2150
PORMAT (3X,S5HANGLE,8X,SHSHEAR,4X, 1 THROTATION OT, 121 MPMBRAKE , DOMN21640

112H MT®MBRANE ,9H BENDING,5X, 7HBENDING,5Y,10HHOFIZONTA-,/, nex02179)
24%,3HPHT ,9X,5HFORCE,7X, SHLOCAT, 6X, 6HSTR FSS, X, 6 HSTRESS,5X, POMD 2190
I6GUMOMENT, 6X, 6YMOMENT, 6X, 10HDEFLECTIN, /, neMN 2190
416¥,5H4 (PHT) ,5Y, SHMERTNTAN, 5%, 54 (PHI),7X,TH (THET A) ,5Y,S5H(PIT), NOM0 2200
S6X,7H(THETAY,//,2X, THEADTANS, 6X, 8HLBS /ZINCH, IX, THRADTANS, 5X, DeMO2210
68H-RS/TINCH, 4%, 3HL"S /INCH, 3X, 090 TN~ -LBS/IN,3%,9HIN-T8S/IN, AV, noM0 2220
76 HINCHTFS) nOMO 2230
WRTTE (6,213) noMN 2240

no 316 I=1,IPHI nNOM0 2250

WRTTR(6, 315)pnr(r) 0 (1), V(I), NP (I) ,NT (I) , 47 (I),HT(T), nL(T) DOMN2260

FORMAT (1PR11. 3, 1PTE12.3 41 DOM0 2279

nOMD 2280

CULATE SIGMA (THTTA) AND SIGMA(PHI) AT THE TO AND BOTTOM SURFACFS  NCM02290
THF SHELL. SIGMA IS TH® UNIFORM PRESSUR® STEKESS. noMN 2300
' nG¥22319

DO 333 T=1,TPHI LOMN2320

MT (T) =MT(I) + THRHM noMn2330

MP (T)=MP (T) + THRW nOX 02340

THETAP (T) =RCPH#* (N" (1) +6.*MT (I) *RCPH) +SIGHA nOM02350

THRTAM (T) =RCPH* (NT (I) -6.*MT (I) *RCPH) +SIGMA nNCM02360

PHIP(I) =RCPH* (NP(I)+6.*MP(T)*RCPH) +STGNA TOM02370

PHIM(I) =RCPH*(ND(I)-6.%MP(I)*RCPH) +SIGMA TOM 02380

CONTINTUE noM0 2390

WARITE(6,907) DOM02400
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907

376

334
115

1002
1001

902
a0y
213

FORMAT (1H 1)
WRITE (6,376) : L
FORMAT (5X, 3HPHT, 97X, 11THSIGMA THETA,5X, 11THSIGMA THETA,
16X, 9HSTGMA PHI,6X,9HSIGMA PHI,/, 17X, 11HTOP SURFACT,UX,

214HBOTTOM SNRFACE,3X,118TOP SURFACFE,4X, 14HBCTTON SURFACF,/,

33X, THRADIANS, 11X, 3UPST, 13X, 34PS], 13X, 3HPSI, 13X, IWNST)
NPITE(6,213)

DO 338 I=1,IPHT

WRITE(6,115) PRI(T),THETAM(I) ,"HRTAP(I),PHIN(I) ,PUID (L) .
FORMAT (1PE12. 3,4 (X, 1PE12.3) , 1 ~

CALL SORT (IPNT)

CONTINNE

CONTINUE

Eyn

STREOYTINE DPDRY (V7,DZ,C,GAM)

COMMON /00/%,11,LAM,AA, pn 1,%1,K2,C1,C3

RFAL LAM,K1,K2,K2P :

SAL=SIN (AR) .

CAL=COS (A1)

COTAL=CAL/SAL

SSAL=SORT (SAL)

C1=-VZ*P*4*SSAL/ (2. *LAnthn)

TF (ABS(C1).1T.1.E-08) C1 = 1.F-08

CI=[Z*F%*H/ (A*SSAL*LAN) :

RK2P=1. = (1.%2. *pn)tcoan/(z =, AM)

ARG =(1.-C3/C1)/K?pP :

GAN=ATAN (ARG)

C = C1/C0S (GA")

RETURN

FND

SUBFOUTINE SORT (TFHI)

COMMON /SC/ADUM (404)

XMAX=ADIM (1)

XMIN=ADTM (1)

Do 1 K=1,4

no 1 I=1,IPHI

IDEX = 101% (K-1) + I

IF (ADIA (IDEX) . T, XMAX) XMAX=ADJM(IDEX)

TF (ADUM (IDEX) . LT. XMIN) XNIN=ADUM (TDEX)

WRTTE(6,213)
WRTTE(6,903) YMAX
WRITR(6,213) _
WRTTE(6,904) XMIN
FORMAT (10X ,21H
FORMAT (10X,21H
FORMAT {//)
RETURN

END

MAXTMOM STRESS = ,1PE10,.3,17H PST
MAXIMUM STRESS = ,1PE10.3,170H - PsI

42

neM02410
noMo242n
neMo2430
no¥o2440
noMo2450-

DOMN2460

nono2470
neMn2480
nomMo2490
DOMO?2500
DOMN2510
noMn2c20
neMd 2530
neMo?2su0
noOMD 2550
NCMN256N
NOMO2ETN
neMN2580
nNMNN500
DOMO2E0D
noONMN2610
NOMO 2620
NOMO2£(30
noM0N2640
POMN2£E50
nOMOD6AD
ROMD2ATD
NOMO 2680
nOMO?690
nOM0O2700
novn27 10
noMN2720
noMN02730
noMO2740
pOMN 2750
NCMN 2760
noMN2771n
NOMNO 2780
noMnN2790
coM02800
CoM02810
noMnN2320
ncMo2A8230
noOMORY40
DOMN28%0
ncMoO2R260
DOMO287D
noM028830



SUBROUTINE VERT (CC1,CC2,MOMT,HORF)
. COMMON/VE/A11,2412,A22 ‘
RTAL MOMT ‘
DET=A11%A22-112%212
RNET=1,/DFT
i MOMT= (CC1%A22-CC2%A12) *RDET
HONF=(CC2%A11-CC 1% 12) *RDET
WRITE (6, 1)
1 FORMAT (//, 10X,32HCALCULATED EDGE FORCE AND MOMENT,
146H DU® TO APPLT®D DISPLACEMENT AND ROTATICN ONILY)
WRTT®(6,251) MOMT
WRITR(6,252) HORF -
251 PORMAT (10X,21H EDGE MOMENT = ,1PE10.3,1501 TNCH-LBS/TNCH,

13X¥,29¥ (POSITIV® MOMENT OPTNS SH¥YLL))
252 TOMMAT (10X,21H HORIZONTAL POFCE = ,1PR10.3,15H " TRS/TNCH ’
18X, 17H (POSTTIVE INWARD))
ROTIRN
E¥D

43

noMo28%0
noMo0?2900
DCM02910
noMo2920
pOM0 2930
noMN? 940
neMo295n
noMN 2969
neMo2970
neMo2940
poMN29en
nocuolnon
neMo3n10
noMo3n2o
neMo30l0
neMNi3nao
noMN3050
nDOMO 3060



Appendix B
Sample Output

1.111F472  CENTIGRADE DEGS
5e6' 'E=i6 PER CENT. OZG
=1.943F4i2 INCH-LB3S/INCH
“1e865E474 PSI 7T

THEPMAL DIFFEFSHCE
THERMAL COEF. EXP.,
THEIMAL MOMENT
SIGMA(T)

. HETGHT = &.Cw INCHES
EDGE DIAMETER = 12.:. INCHES
SHELL THICKNESS = W25 INCHES
SHELL RADIUS = 6,07 INCHES -
ANGLE ALPHA = 90 ,0L NEGREES
YCUNGS MOCULUS = S,ullE4(7? P31 S
POISSONS PATIO = o1l NO UNITS
PFESSUSE = bl 4l f PS1
SIGMA(P) = =7,2{lE¢f2 pPSI "7
HOF. MEM, FORCE = «6.462E-C7 LB8S/INCH
DELTA(P) = =7,27CE=r5  INCHES

SIGMA(T) IS BASED ON THE THERMAL DIFFERINCE ONLY
SIGMA(T) IS NEGATIVE ON THE INSIJZ "SURFACE OF THE DCuS
ANU POSITIVE OW THE OUTSIDL SURFASE

“bei MILLIRADIANS (POUSITIVE ROTATION CLGSES SHELL)
1.5 MILS (POSITIVE QUTHWARD)

EDGE ROTATION
E£DGZ DISPLAGEMENT

CALCULATED eDGE FOWS ANC MOMINT
JUc TO APPLIEO DISPLACEMCNT AND ROTATION ONLY

. EOGE MCMENT =  4,45385¢12 INCH-LGS/INCH (POSITIVE MCMeNT IPENS SHE LL)
b HORTIZONTAL FORCE = 3.0c9t+72 {BS/INCH ~ {POSITIVE INWARLC)

INTEGFATION CONSTANTS OF MUMOGENEGUS SOLUTION

G = 7.197E+4r2 L3S/INCH
GANMMA = 4L ,.34L5E-T1 RADIANS
OTHES CONSTANTS
LAMEDA = 6,4715+70 RADIANS** (~1)
. Cl1 = 6.5280+02
C3 = 3.499E+(2
K1 AT EDGE = 1.07 e+il
K2 AT EUGS = 1.0C7FE+cl

45




9

ANGLE

Pl

RADIANS

T.854E-02

1.571E-01

24356E-"1

"Te142E-TL1

3.927E-01
4.712E-01
5.498E-11

6.283E-01

7.369E-"1

“Te854E-TG1

9.425E~-11

T1.024E+CC

1.400E470
1.178E+({
“L.257E+ D
1.3356000
1.414F+ 20
1.492E+%C

1.571F+0¢C

8.639E-01

SHEAR
FORCE
(PHI)

LBS/INCH

=-9,951E=-(2
=2.078E-12

1.691€-r1
3.156E-T1
5.886E-0G1

8..524F=-r1

9.211E-(1

4,617€~-01
-9.,95GE="1
-3.922E+CC
‘-G.QM#E*LC
-1.367E+c1
~1.674E+(1
-1 .17 E+21
1.082E+i2
6.204E+T1
1.49CE+{C
£.61654, 2
3.51iE402

3.029E+02

FOTATIGON OF
LOCAL
MERIJIAN

RADIANS
B.785E-(7
1.2498=¢
1.565¢~C¢
1.508E-7H

S.713E-C7

-1,895E-76 .

~be4BBHE~LB
-1.311€E-15
v'?-iﬁ“E’?S
=2+345E-C5
-l.421E-05
Eel2UE-LE
9.4{5E-C5
2e133E~-T4
3.511£'ib

L.BITE-LY

MEMREANE
$T9553
(P41)

LES/INCH

1.254E+G3

ie312E-01

=L 584E-1

=9.714E-31

“1.421E#T0

=1.67354+352
-1.573E+3C

-6.355&£-C1

RIS B-1-3-% JtR)

3.922E+L03
7.211E¢00
9,335:54+02
1.026E+351
5.9535+aa
L LR2EHL.
—ZJGl6E+01
~3.577E+C1
—hel4TE 41
-2.763E+01

-1,0887E=-06

MEM:RANE
STRESS
(THETA)

L3S/INCH

~9.143E-01
T1.242E402

=2.118E¢)

=3.127E+#5Y

~3.675E+20

=2 «B57E4 Y

1.614E+00

C1.111Ee01
Cel "HBE®DL

" L4JTBTE+TL

6.561E+01
Bel73E4u1
3.796E+30
~1.522E402
-4 403E+{2
-8.756E4C2
-1 .322E+23
~l.4LBE+"3

«5,37BE+C2

2.25CE+({3

SENCING 3ENDING HOPIZGKTAL
MOMENT MOMeNT CzFL=CTION
(PHI) 7 (THETAY
IN-L3S/IN  IN-LBS/IN INCHES
-6.0456-02 T=1L369ES0T T3 BZIE-TB
-B.7L2E-C2 =9.912E-u2 -8.729E-(8
-3.7432-02 -B.s1BE-i2 =2.15(E-17

B GULIE-TE T -G BIRE=TGZ T =4 IBIEELT

2+376E-C1  7.598E-33

-6.008E-77

S.243c-112 JedLtE=22 =5, c3E-T7

B 7I9E-CL1 ~ 2 TCBESTT % UYBEC7

141286400 3.262E-01  2.918E-(6
9,.,6472-J1 JeThci~=ul 7.778t=-t 6
~1.553E-01"2:593E-21 " 1.492E-5
-2.916E600  -1.4926-01 _ 2.193E-05
=7 «BSCES(L T -G ,5745=31 2e184iE~-:.5
S 469F+#L1 ~Z.145E+03 1.0U5CE=-2H6
~2.1226¢01  -3.399E400 _~6.050E-05

-Z2.1735¢0L1 =3.9265+70 -~1.831E-24

~5.BLTEFTIT ~ =22 330E+TC ~3.692E-T4
“e224ECL  3.2012403 ~5,697i-i4
1.3730#02 1.6411F4.1  =b.3kE- &

2.829C#72 2JITHREFDL TEZIBIBESLLT

44582402 L.458L+01 1.03Ce~-73



PHI

RADIANS

7e854E-(2
1.571E-C1

203565'91

3.327E-(1
be712E~-01
Ses98E=53
6.283E-71
TeH69E=01
7oBELE=-(L
R. B3I9E-(1
9.425E=-01

1.2C0GEeCT
1.178E4+G¢1

1.257E+0¢C

1.335E+C0

lo4lbz4g

1. L92E 400

1.571E+CT

SIGMA THETA
TOP SUFFACE

PSI

L4794+
1.793E+(4
1.792E+0 4
Le792T 44
1.791E+{ 4
1.791€+( 04
Le792E4 (4
1.794E+C0
lLeB8LLESLY
1.8(9E+ 4
1.82TE+C4
1.827E+{4
1.815¢+. 4
L765FE+L L
1.652E+04
l.465F+(4
1.233€+4
L.078E+{ 4
Le271FE%(

2.265E+0h

MAXIMUM STFESS

MINIMUM STRPESS

SIGMA THITA
3CTTOM SUSFACE

PSI

-1.938E 404
~1.,938E+04
-1.938E+¢ 4
=1sC73L 400
-1.938E4C4H
=1.937E 404
~1.C2EC400
-1.G29E+04
~1.9225+L4
-1 CI5E G
~1.91ZE+04
~1.921E4+04
~1.9566 04
“~Zer3LE40Y
~Z.4i536404
“le3T9E4CL
~2.435640h
~2.381E+04
~1.EB89E 405

-6..87E+433

2e3L3E ¢

=2 LB7E+T Y

47

SIGMA PHI
vTQP SURFACE

17945404

1.793E+Cy

C1.7935404

l.792:+104

1790E+#04

1.787¢¢(¢%
1.78424 00
1.782E+ (4
1.784E+04
1.7960+04
1.82ZaFr+ (b
1.872c+04
1,338:+C4

1.999T+ (0L

2.00NES LG

1.339t¢CH

T 1.373E+ 06

4.577£fu3
“9,30L524(32

-2 487C¢ 54

SIGMA PHI

~BCTTOM SUFFAG:

=1e937E+0 4

T =1.937E+( 4

 =1.937E4C4

“1e¢937E+7 4
~1.935Z+7 4
=1.9322¢0 4%
=1e¢923Z41 4
-1.926Z+L4
;1.927E¥Eh
SLeQ%7E+ L
=1.962E+7 4
=2.CCHE+L &
~ce"THLI+( 4

=24138Z¢0 4

‘Zo;k7E+Fk

=1,993z+74

=1 5465+ 4

T6s 34343

76842403

2o IUIEML Y

TS Bk




Appendix C

Diagrams of Constituent Stress Distributions
and their Superposition

There are four total stress distributions of interest:

°9, top surface (¢)

t
%9, bottom surface (#)

- t

°¢, top surface (9

t
°¢, bottom surface (®)

where the top and bottom surfaces refer, respectively, to the
convex and concave surfaces shown in Fig. 2. The shell's maximum
tensile and compressive stresses will occur somewhere on these
surfaces. Each of these total stress distfibutions is obtained by
superposing the following constituent stress distributions:
1. op, the membrane pressure stress due to the uniform
pressure, p.

2. at(th/Z), the thermal stress due to AT at the top or
bottom surface of the shell.

) gz

° e

2

Op1 psi

(<)




TOP
CONVEX SURFACE

)

Fig. C-2. Uniform o_ distribution a
over any cross section of the ° I3
shell. -———— < ———-
(-)
BOTTOM

CONCAVE SURFACE

5. 9, top surface (#), %9, bottom surface (23,

%, top surface (#), or °¢, bottom surface (?)

where . N9(¢) 6M6(¢)
. (®) = -
9%, top surface : h Z

h
‘ Ne(¢) 6Me(¢)
o (9 = *
6, bottom surface h HZ*
) Ng(9)  6M,(9) (C-1)
(@) = =5~ 2
N, (9) 6M_ ()
(0) = ¢h + :Z

%, top surface

%, bottom surface

and Ngy(9), Ny(®), My(9), and Mg(e¢) are the membrane forces and
bending moments resulting from the edge deformation (Vy,64). Any
deformation of the shell resulting from its uniform temperature
elevation is assumed to be caused by an edge condition that pro-
duces the edge deformation (Vgy,64)-
The membrane pressure stress, Op is derived from the mem-
brane pressure forces Ng and Ny: |
N N
_¢= 9=-_a -
S R (c-2)
The membrane pressure stress is uniform over the surface of the

shell and across its thickness.
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The thermal stress due to AT is uniform over the surface of
the shell, but varies linearly across its thickness. ct(z) is
independent of the uniform temperature elevation of the shell.

= 6 ag D(1+V)
(+) ? l « a, , top surface = —.IP_ AT
) .
- Z=n/2
Z=h/3
- - 2 =h/6
d o ®, COLATITUDE ANGLE
o = -h/6
Z=-h/3 o,, bottom surfoce= — o,, top surface
= —=h/2

J)
Z: Distance from middlo surface of shell

Fig. C-3. Unifom o, (z) distributions at different distances
from middle surface “of the shell.

The circumferential and meridional stresses, og(z,9) and
6¢9(z,0), vary along both the surface of the shell and across its
thickness. Typical stress distributions at the top and bottom
surfaces are shown in Fig. C-5. These particular distributions
are based on the free-edge boundary condition shown in Fig. 10
of Section 2.2.3 and the shell parameters shown in Fig. 7 of the
same Section.

. Top Convex Surface
(+) _Cold

(2)

t

1-+Z I Fig. C-4. Linear ot(z) distribu-
tion over any cross section of

— h
-Z
- °_4é —— 4 4 the shell.

- (=) * Hot
Bottom Concave Surfoce
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psi

-8,000

-10,000

7 e, bottom h

No

99 ,bottom * h

6M,

—

hl

= .N_e+-6—M-Q-

Fig. C-5. Typical
stress distributions
due to (Vy,6,) at the
top and bottom sur-
faces of the shell.

¢ (deg.)

The pressure and edge supports cause deformations (Vgs6y)

at the edge of the shell. Only stresses due to the edge deform-

ation (Vy,56,) are represented in Fig. C-5; the membrane pressure

stress, cp, and the thermal stress due to AT, ct(z), are not in-

cluded.
Mg(9), and Mg(¢) are calculated using Eqs. (18).

The membrane forces and bending moments, N0(¢), No(9),

Figures C-6 and

-7 show the og(9,z) and<%(¢,z) stress distributions at ¢ = 31
degrees corresponding to the surface stress distributions shown
in Fig. C-5.

The stresses °p

and ct(z) are determined by the shell's
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9410 = ~12,000 psi
‘\iz i T T
L i\ )

T, bottom = 13,000 psi

Ne—
I
i
|
F+—:

Fig. C-6. Linear og4(z,9) distribution over a meridional cross
section at ¢ = 31 degrees for surface distribution per Fig. C-5.

1813284

HE
2 ___t

oe,boﬁom = 7,500 psi

ae,top = O kpsi

Fig. C-7. Linear o4(z,9) distribution over circumferential cross

section at ¢ = 31 degrees for surface distribution per Fig. C-5.
surface conditions and are uniform over the entire surface of
the shell, even out to its edge, for all edge conditions. Only
the stresses o,4(z,9) and og(z,¢) are determined by referring to
the shell's edge conditions, which are expressed as either (Vasbg)
or (Mg,H,). These edge conditions are related to p, AT, and the
shell's uniform temperature elevation as discussed in Section 2.1.3.
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Appendix D
Insulating Ring Structural Analysis

One method of reducing the thermal gradients at the edge of
the spherical shell consists of inserting an insulating ring be-
tween the shell and its supporting structure. A finite-element
analysis was performed to determine if the stresses experienced
by such an insulating ring are acceptable. The ring is assumed
to have the following dimensions:

Height 3 inches
Inner diameter - 11-1/2 inches
Outer diameter, top 12 inches
Outer diameter, bottom 13 inches.

A 400°F temperature difference is assumed between the top
of the ring and the isothermal contact regions at the base of the
ring. A compressive force of 200 psi is assumed to act in the
vertical direction at the dome-ring interface. In two of the cases
considered a 150-psi clamping force is assumed to act in the
vertical direction at the shoulder of the ring. The resulting
forces and moments are balanced by vertical reaction forces acting
at two ring-supporting interfaces. Both interfaces are annular
regions; one is near the middle of the base, the other includes
the outer corner of the ring. The location and relative sizes of
these regions as well as temperature distributions in the rings
are indicated on radial cross sections (Fig. D-1). In Fig. D-1(a)
a clamp is assumed to be present at the shoulder of the ring. A
heat-conduction path exists through the clamp-ring interface.

These temperature distributions depend only on the steady-
state boundary conditions and the shape of the rings; the temper-
ature distributions are independent of the thermal conductivity of
the ring material. Stress contours are available for the clamped
and unclamped cases. Ring materials of aluminum oxide and silicon
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Fig. D-1. Temperature contours in cross
section of insulating rings (a) near ' ¥\ FOUNDATION
middle of base and (b) outer ring at METAL SEAL out Qoyr  INTERFACE
base. INTERFACE 1800° 1800°F

carbide are considered. The two clamped cases are shown in Figs.
D-2 and -3, and the two unclamped cases are shown in Figs. D-4
and -5. The stress intensity is equal to twice the absolute value
of the maximum local shear stress. The stress intensity is
larger than the absolute value of any component of the stress
tensor. Nuclear regulatory standards concerning permissible
stress levels are usually based on stress intensity limits.

In the four cases considered here the combined pressure
and thermal loadings are within the limits of the ceramic
materials' strengths.
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Fig. D-2. Stress contours in cross section of silicon carbide insulating ring, clamped.
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Fig. D-3. Stress contours in cross section of aluminum oxide insulating ring, clamped.
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Fig. D-4. Stress contours in cross section of silicon carbide insulating ring, unclamped. |
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