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ABSTRACT 

Recent work has shown in a general way how the 
mechanical efficiency of reciprocating kinematic heat engines 
depends upon the relation between the engine workspace 
pressure and the external or bufferspace pressure. These 
results go beyond the intuitive and empirical level of 
understanding of the past and permit a precise evaluation ot 
various schemes to improve engine performance by 
controlling charge pressure levels in the workspace or 
bufferspace. This paper applies these results to determine 
the effects on the performance of Stirling engines when 
charging the workspace with the buffer pressure fixed. A new 
general theorem is introduced, proven, and then used to 
show that the description of charge pressure effects given in 
the paper is complete. With this we now have a more 
thorough understanding of pressurization effects in Stirling 
engines. 

INTRODUCTION 

Pressurizing Stirling engines to increase specific 
power is a long established practice. Charging the engine 
with more working fluid ideally increases the indicated cyclic 
work and so potentially increases shaft output. In the case of 
double-acting engines, for example the 1827 engine of the 
Stirling brothers [1], the mechanical efficiency is virtually 
unaffected by the charge level of the workspace and so the 
result of workspace charging is directly beneficial. In single 
acting engines. the situation is not so straightforward. As has 
been shown in recent papers by this author [2,3,5), the 
mechanical efficiency of single acting engines depends upon 
the relationship between the workspace pressure cycle and 
the external or buffer pressure which acts on the non­
workspace side of the pistons. 

For single acting engines equipped with a pressure• 
worthy crankcase or buffer chamber, the buller pressure can 
be changed in principle independently of the workspace to 
maintain or improve mechanical efficiency. The effects of 
charging only the buffer space with the workspace charge 
fixed and the effects of charging both spaces uniformly are 
now fully understood for Stirling engines [4,5) and beyond [6]. 
The effects of the third possibility, namely charging only the 
workspace with the buffer pressure fixed, has been up to now 
only partially investigated (4]. This paper is intended to more 
fully investigate this remaining case and thus complete our 
theoretical understanding of charge effects in single acting 
reciprocating kinematic Stirling engines. 
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The case of charging only the workspace with a fixed 
buffer pressure is qulte important from a practical point of 
view. For engines not equipped with a pressure-worthy 
crankcase or bufferspace the only hope of increasing specific 
power through pressurization is by workspace-only charging. 
There are other practical advantages as well [4], and these 
als_o apply to entirely enclosed engines. 

GENERAL THEOREM ON WORKSPACE CHARGING 

In this section a result will be formulated and proven 
which generally applies to workspace charging of single­
acting reciprocating kinematic engines with a fixed buffer 
space charge. The result will then be applied in the following 
sections to the specific analysis of Stirling engines. 

The terminology and notation to be used follows that 
of reference [6] to which the reader should refer for complete 
details as necessary. Let the piecewise smooth function 

r = (a(t), m�(t), -y(t)) t E J = [a,b] 

represent the workspace volume V, workspace pressure p, 
and buffer pressure Pb respeclively in terms of the parameter 
t. The mass of fluid in the workspace is represented by m and 
the form of p is characteristic of engines called monomorphic 
(6]. Monomorphic engines respond to charging in a uniform 
idealized way inasmuch as their indicated cyclic work is 
directly proportional to the workspace charge mass m. 

Given a workspace monomorphic engine there is a 
minimum value of rn, denoted by rn' for which m' �(t) :e: 'Y(t) for 
all I e J. For m ;:: m' , p is always at least equal to Pb and the 
engine is said to be buffered from below. The effects of 
workspace charging when buffering is trom below is 
completely described in Theorem V of reference [6]. The 
theorem shows that in the range [m',00), cyclic shaft work Ws 
is a linear function of positive or negative slope according to 
whether the square of mechanjsm ettectjyeness. e2, is greater 
or less than the ratio We/We of absolute compression to 
absolute expansjon work. Thus in the case when e2 > 
We/We, there is no absolute maximum for Ws, that is, shaft 
output can be indefinitely increased by more workspace 
charging. We complete the picture by proving here the 
following result. 

Theorem. In a workspace monomorphic engine, if e2 < 
We/We, then W5 has an absolute maximum with respect to 
workspace charge mass m for a fixed buffer pressure trace. 
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In order to establish this theorem, we use the Mechanical 
Efficiency Theorem from (6) in the following form: 

Ws "' ew-[¼- e ]w.-e Wb ( 1} 

where W_ is the forced cyclic work and Wb is the cyclic buffer 
space energy dissipation. The last term of (1} is constant by 
the hypothesis that the buffer pressure trace is fixed and by 
the general assumption throughout that the mechanism 
effectiveness is constant. The first term of ( 1} is linear in m. 
The factor W_ in the middle term in the present case is by 
definition 

b 
w_ -- Jt(m P(t)-y(t}} a'(tli- di 

a 

Since r is assumed piecewise smooth, a'(t) is piecewise 
continuous on J = [a,b]. This means J can be decomposed 
into a union of finitely many endpoint-overlapping closed 
subintervals 

on the interior of each of which a· is continuous and is 
continuously extendable to the endpoints. Therefore on each 
rectangle [0,m'] x Ji we may regard the function 

(m P(t) - 1\0) a'(t) 

as continuous in m and t. Therefore its negative part is 
likewise continuous and ii follows [7] that each of 

1 [ ( m P(t)-y(t}} a'(t)f dt 

is a continuous function of m on (0,m']. W_ is the sum of these 
terms as i ranges from 1 to k and so W_ is continuous in m on 
[0,m']. 

This shows that every term of ( 1} is continuous in m 
and therefore so is Ws. It follows that Ws has an absolute 
maximum on [0,m']. By the hypothesis that e2 < WdWe, Ws 
is decreasing on [m',oo) and this completes the proof of the 
theorem. 

WORKSPACE CHARGING IDEAL STIRLING ENGINES 

With the general results above, the effects of charging 
the workspace of Stirling engines can now be easily 
deduced. A best case analysis will result by considering 
ideal Stirling engines. An ideal Stirling engine in this context 
ii; a kinematic single-acting reciprocating engine with a 
constant mechanism effectiveness, a constant buffer 
pressure, and an ideal gas working fluid which undergoes an 
ideal Stirling cycle. Not only does this idealized engine 
concept yield a best case analysis, but it is the most natural 
simple representative of practical Stirling engines [4]. 

If buffer pressure is a constant. p0, then Wb = 0 so that 
equation ( 1} becomes 

Ws = e w -[ ¾ · e] W_ (2) 
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If an engine is given, then p0, e, the volume extremes Vm and 
VM, the temperature extremes Tc and T H· and the gas 
constant R are fixed. We have 

W = m R(TH-TC) In[��] (3) 
Let m0 denote the working fluid mass for which the engine is 
buffered above, i.e. 

Po Vm 
mo

= RTH 

We use mo to define the djmeosiooless mass variable M by 

(4) 

II is also convenient to use the specific work obtained by 
dividing the actual work expressions by Po Vm. Equation (3) 
then becomes 

W= M(1--t) ln r (5) 

where 1: = Tc/TH is the temperature ratio and r = VM/Vm is 
the volume compression ratio. 

The forced cyclic work function W_ is more difficult to 
express. There are two types of engine cycle to consider and 
five cases for each of these. 

Effjcacious Engines 
If -er s 1 then the Stirling cycle has the property that 

the minimum expansion process pressure is at least equal to 
the maximum compression process pressure. Such an 
engine is called efficacious because for any constant buffer 
pressure within these limits W_ = 0 and the mechanical 
efficiency is equal to the effectiveness of the mechanism 
which is the best efficiency value possible in view of the 
Mechanical Efficiency Theorem (1). 

To calculate the forced work of a Stirling, five 
subintervals must be considered. The intervals arise from the 
four working fluid mass values which put one of the corners of 
the Stirling cycle on the buffer pressure line. For efficacious 
Stirlings these points expressed in terms of the mass variable 
M are: 

p 
t= 0.4 
r = 2.0 
M= 1.0 

M.,2.5 

a 

C 

M= 2.0 

b 

M=5.0 

d 

Fig.1 Pressure/Volume diagram of an efficacious Stirling cycle with 
fixed buffer pressure shown at 1he workspace charge levels M = 1 ,  r, 
1/t and rlt. 



Figure 1 shows an efficacious cycle with charge mass 
corresponding to each of these four values. A straightforward 
calculation yields the following expression for the � 

forced work w. = W./(poVm): 

{ ,-1Mln, 

�
M ( 1-ln M + In r) 

W.(M) = 
M1 (In M+ln't-1)+1 
M-c!n r - r+ 1 

0$ Ms: 1 
1s:Ms:r 

rs: M $ 1/t 
1/'t $ M $ r/-c 
r/'t $ M 

(6) 

Combining equations (5) and (6) as in (2) yields the following 
specific shaft work function 

Ws(M) = e W(M) · [ ¾ · e] W.(M) (7) 

Figure 2 shows graphs of Ws � 0 of an engine with 
r = 1.25 and 't = 0.33. This temperature ratio is typical of high 
performance Stirlings with operating temperatures in the 
neighborhood of TH = 700C and Tc = SOC. Curves are 
shown in the figure for mechanism elfectiveness values 
ranging from e = 1.0 (no friction loss) down to e = 0.1. Values 
of e less than about .60 really need not occur in well 
designed, well built, and properly maintained engines. but 
these values are included in the graphs to show the effects of 
poor mechanism performance. 

1= .33 
r = 1.25 

M 
M' 

Fig. 2 Graphs of cyclic shalt work as a function of workspace charge 
for various mechanism effecuveness values of an efficacious Stirling 
engine with temperature ratio 0.33 and compression ratio 1.25. 

Figures 3 and 4 show graphs again tor 1: = 0.33 with 
compression ratios of 1.5 and 1.75 for comparison. These 
compression ratios are also typical of high performance 
Stirlings having ample internal heat exchangers. Figure 5 

shows the graphs of Ws for an engine with compression ratio 
r = 1.5 running at a larger temperature ratio 1: = 0.60 which 
would correspond for example to TH = 300C and Tc= 70C. 
The horizontal and vertical scales are the same in all the 
graphs. 

Fig. 3 

1= .33 
r = 1.5 

e ,. l .9 .8 

M' 

Same as Fig. 2 but with higher compression ratio 1.5. 

1= .33 
r = 1.75 

e = l .9 .8 .7 

M' 
Fig. 4 Same as Fig. 3 wilh higher compression ratio 1.75. 

w. 

1= 0.6 
r = l.5 

l M' M' 

Fig. 5 Same as Fig. 3 for an engine with lower temperature ratio 0.6 
and compression ratio 1.5. 

The characteristics of these sets of graphs are similar, 
and indeed this is the case in general. Examination of (5) 

and (6) will show that Ws is linear in M in the initial. middle, 

and final intervals. In the last interval, namely {M' .�). Ws 
increases or decreases according to whether e2 is greater or 
less than -c (and is constant when e2 = 't) [5]. It is readily 

verified that the function Ws(M) is continuously differentiable 
on [0,00) (we are interested only in the portion where Ws � 0 of 
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course). On the intervals where Ws is not linear, a simple 
calculation shows the second derivative is negative. From 

these facts it follows that Ws' is non-increasing on [O,oo) and it 

is then easy to show that Ws is never concave upward, that is, 

for any two points P and Q on the graph of Ws . the segment 

[PO] lies on or below the graph. This implies Ws cannot have 

any interior local minimums. Now 1f e2 > 't , Ws increases 
without bound on [M',00) and so cannot have a local maximum 

on [O,M') which means Ws is monotone increasing over the 
entire charging range. If e2 < 1 then because 1 = WdWe for 
ideal Stirlings, the theorem proven above applies 
guaranteeing the existence of an absolute maximum value for 

Ws in [O,M'). There can be only this one local maximum by 

the above discussion and so W5 must increase to this 
maximum and then decrease to zero. Thus as claimed the 
graphs of Figs. 2 through 5 are representative of all 
efficacious ideal Stirling engines. 

Non-Efficacious Engines 
The non-efficacious Stirling cycles are those for which 

tr > 1 .  The interval decomposition required in this case is 
slightly different because the minimum expansion pressure is 
below the maximum compression pressure. The division 
points in terms of M are 

M' 

Figure 6 shows a non-efficacious cycle with mass charge 
corresponding to these four values. Comparison with Fig. 1 
will point out the differences and similarities of the two engine 
types. 

p 

t = 0.5 
r = 2.5 M = 2.0 
M= LO 

b 

M= 2.5 M= 5.0 

C d 

Fig. 6 Pressure/Volume diagram of a non-efficacious Stirling cycle 
with fixed buffer pressure shown at the workspace charge levels M = 
1 ,  1/-r, r and rlt. 

The specific forced work function for the non­
efficacious engine is found to be as follows: 

{ 
����!�

r

M+ln r) 
W_(M) = r+M [(H 1 }In M +'t In 't - In  r--r -1 ]+ 1 

M 't (In M + In 't -1}  + 1 
M't ln r- r + 1  

O ::. MS 1 
1:::.M:::. 1/'t 
1 h: s M s r  
r:::. M s  r/, 
r/1::. M  

Note that the formulas for W_ differ only in the middle interval 
and also that the adjacent intervals have different endpoints. 

Figures 7 and 8 show graphs of W s for two non­
efficacious engines. The scales are the same as in the 
efficacious case for convenience in making comparisons. By 
an argument similar to the one in the previous section it can 
be shown that the graphs of Figs. 7 and 8 are representative 
of all non-efficacious ideal Stirling engines. 

w. 

� =  0.6 
r =  2.0 

M• M' 

.8 

Fig. 7 Graphs of cyclic shalt work as a function of workspace charge 
for various mechanism effectiveness values of a non- e fficacious 
Stirling engine with temperature ratio 0.6 and compression ratio 2.0 

2190 

w. 

t =  0.8 
r = 2.0 

M• M' 

.9 

Fig. B Same as Fig. 7 but with higher temperature ratio 0.8. 



Charging Effects on Shatt Output 
Comparing the discussions in the two previous 

sections, the influence of workspace charge mass on cyclic 
shaft work is similar for both efficacious and non-efficacious 
Stirling engines. In both cases, as workspace charge is 
increased, shaft output either increases without bound, or 
increases to a maximum and then remains constant, or 
increases to a maximum and then decreases to zero. These 
behaviors are characterized by the relative magnitudes of the 
temperature ratio and the mechanism effectiveness. 

If e2 > ,. then Ws increases without bound as m 
increases. This increase is linear beyond the point where the 
engine is buffered from below, namely for M � M'. The closer 
e2 is to ,, the slower is the rate of increase beyond M'. 

When e2 = 1:, Ws increases until M = M' and is then 
constant for M � M'. This case represents the transition 
between ever increasing and diminishing output. 

If e2 < , then Ws increases to a maximum value and 
then decreases to zero. The decrease is linear after the 
engine is buffered from below. The maximum shaft output 
occurs at a charge level greater than that where the engine 
has the maximum mechanical efficiency and less than the 
point where the engine is buffered at minimum cycle 
pressure. Again, the closer e2 is to r the slower is the rate of 
decrease in this case. 

Pcactjcal lroplicatioos 
In practice special devices are required to maintain a 

workspace charge level with a mean pressure much different 
than that of the buffer pressure. Leakage past piston or 
displacer rod seals tends to equalize mean cycle pressure 
and external pressure. It has been shown in [3.4] that mean 
cycle pressure and the pressure 

• m RTH 1+i: 
P

=
vm "f.;:i (8) 

are essentially the same for the compression ratios typical of 
real Stirling engines. (This is a happy circumstance because 
a buffer pressure equal to p· gives the maximal mechanical 
efficiency. ) Thus without special devices to prevent ii. we may 
assume the workspace mass charge self-adjusts to make p0 
= p*. Denoting this mass by m', equation (8) shows 

Other workspace charge levels can be obtained and 
maintained by fitting pumps or regulator valves. But this adds 
complexity to the engine and usually introduces mechanical 
or thermal losses. However, there is a charge level other 
than M" which can be obtained by a very simple device. A 
simple check valve into the workspace will yield a workspace 
charge very near M', the point where the external pressure is 
equal to the minimum cycle pressure. This was standard 
practice on the Rider and Ericsson pumping engines. The 
benefits of this simple charging scheme can be considerable 
as for example the graphs in Fig. 3 indicate. Even with a 
rather poor mechanism such as e = 0.6, Ws increases by 
more than a factor of two when charge is increased from M* to 
M' by fitting an ideal check valve. The increase is better for 
higher e values and appreciable benefit even occurs for e 
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values below the critical ..fr. such as e = 0.5. Worthwhile 
benefits also occur in the engine of Fig. 7, but there only for 
the higher e values. When e = 0.7, there is virtually no gain 
and for lesser e values there is a decrease in shaft output. 
Indeed, if e = 0.5, the engine will not even run with a check 
valve fitted. This kind of decrease is more dramatic in Fig. 8. 

Another fairly simple scheme for increasing specific 
power is workspace charging beyond M' = r/-c. When e > ..fr., 
Ws increases without bound as M is increased beyond M'. 
However. in practice, this is advisable only when e is 
considerably above ..fr. . As the graphs clearly show. the 
closer e is to ..fr., the lower the rate of increase and so very 
high working pressures may be needed to achieve a desired 
power level. As was pointed out in [5), mechanical efficiency 
decreases in this situation, so it is doubly beneficial to make e 
as large as possible and 1: as small as possible when 
considering charging above M'. 

The graphs will yield many more insights of this kind 
and the equations given in the paper allow computation of 
any other desired case. Reference [4] contains additional 
numerical examples. 

CONCLUSION 
With the results of this paper, we now have a complete 

general understanding of the effects of pressurization on the 
performance of kinematic single-acting Stirling engines. In 
the present paper the response curves of shaft output to 
workspace charge have been described and proven to be 
completely representative of ideal Stirling engines. Although 
obtained for idealized engines, the results are useful for 
indicating trends followed by real Stirling engines. Valuable 
practical guidelines are easily drawn from these results and 
examples have been given in the paper. 

It is worth pointing out that the limitations on Stirling 
engine performance described here also impose limitations 
on all possible reciprocating engines. This is because of the 
following theorem proven in [3] but restated here in a slightly 
different form more relevant to the results of this paper. 

Stirling Comparison Theorem. Of all single-acting 
reciprocating kinematic heat engines having the same 
volume and temperature extremes, the same constant buffer 
pressure and mechanism effectiveness, and the same mass 
of the same ideal working gas, the ideal Stirling has the 
maximum cyclic shaft work. 

Therefore, the analysis ot ideal Stirlings is inherently a 
general best case analysis. Understanding of the behavior of 
the ideal Stirling engine provides a general understanding of 
the intrinsic performance limits of all comparable 
reciprocating engines. 
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NOMENCLATURE 

V engine workspace volume 
Vm minimum cycle volume 
VM maximum cycle volume 
p wo, kspace pressure 
Pb variable buffer pressure 
Po constant buffer pressure 
Tc minimum cycle temperature 
TH maximum cycle temperature 
R gas constant 
m mass of fluid in workspace 
mo (Po Vm) / (R TH) 
"C temperature ratio = Tc I TH 
r compression ratio = VM / Vm 
e mechanism effectiveness 
M m I m0 
M' (1 +r)/(1 H) 
M r/1: 
Wb cyclic buffer loss 
We absolute expansion work 
We absolute compression work 
w indicated cyclic work � We-We 
W_ forced cyclic work 
Ws cyclic shaft work 
w W / (po Vm) 
W. W_/(Po Vm) 
Ws Ws /(poVm) 










